
This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 
to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 
to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 
are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other marginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 
publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing this resource, we have taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 

We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain from automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attribution The Google "watermark" you see on each file is essential for informing people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liability can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 



at |http : //books . google . com/ 



e^t^Tr-i-^^ QOTHo 



\ 




HARVARD UNIVERSITY 



LIBRARY OF THE 



Department of Education 



COLLECTION OF TEXT-BOOKS 
Contributed by the Publishers 



nf 



3 2044 097 012 306 



y^f 



J|Hacl9onalli's ilHatf)cmattcaI Series. 



PRIMARY ALGEBRA. 



STUDENT'S MANUAL. 



BY 

J. W. MacDONALD. 



Bostont 

ALLYN AND BACON. 
1896. 



^ du^^ nr 17 <b , ^ to . s-if o 



Harvard Gollefire Library 
Dec. 20, 1918. 
Transferred fiona 
Bdncation Libxary. 



Copyright, 1894, 

BY 

ALLYN AND BACON. 



MacDonald's Primary Algebra. 



TYPOGRAPHY AND ELBCTROTYPING BY C. J. PETERS * SON, 
I4S HIGH ST., BOSTON, U.S.A. 



CONTENTS. 



PAOB 

I. Problems to be solved by the Use of « . 1 
II. Addition and Subtraction of Positive 

Quantities 2 

III. Multiplication AND Division — Exponents 4 

IV. Multiplication and Division, continued 6 
V. Problems fob Review — Negative Quan- 
tities 7 

VI. Addition of Negative Quantities ... 10 

VII. Addition, continued 12 

VIII. Subtraction of Negative Quantities . . 13 

IX. Miscellaneous Problems 16 

X. Multiplication by Negative Quantities 17 

XI. Multiplication, continued 19 

XII. Division by Negative Quantities ... 20 

XIII. Division, continued 22 

XIV. Division, continued — Square and Cube 

Roots of Monomials -^ The Signs ± 

AND V 23 

XV. Involution — Binomial Theorem .... 25 
XVI. Relation of Quantities — The Parenthe- 
sis — Factoring 26 

XVII. The Parenthesis — Problems to be solved 

BY Inspection 29 

XVIII. Multiplication at Sight — Factoring — 
Problems with Two Unknown Quan- 
tities 31 

m 



IV 

XIK. 

XX. 

XXI. 

XXII. 

XXIII. 

XXIV. 

XXV. 

XXVI. 

XXVII. 

XXVIII. 
XXIX. 

XXX. 

XXXI. 

XXXII. 

XXXIII. 

XXXIV. 

XXXV. 

XXXVI. 

XXXVII. 

xxxvni. 

XXXIX. 



CONTENTS. 

PAGE 

Factoring abbanged by Cases .... 33 | 

Common Divisob — G. CD 35 

Factoring and G. C. D., continued . . 37 
Fbactions — Use of G. C. D. — Axioms . 39 
Least Common Multiple — Factobing . . 41 
Use of the L. C. M. — Addition and 

Subtraction of Fbactions 43 

Mixed Numbebs to Fbactions — Fbactions 

to Mixed Numbebs 46 

Multiplication and Division of Fbac- 
tions 48 

Multiplication and Division by Fbac- 
tions 50 

Equations of the Fibst Degbee .... 52 
Pboblems of the Fibst Degree solved 

by using One Letteb 54 

Equations using Two ob Mobe Lettebs . 58 

Pboblems 60 

Involution, continued — Application of 

THE Binomial Theobem 61 

Evolution; Squabe Root — Equations of 

THE Second Degbee 62 

Evolution; Cube Root — Equations of 

THE Thibd Degbee 64 

Roots of Equations of the Fibst and 

Second Degbees 65 

Affected Quadbatic Equations ; Com- 
pleting the Squabe 67 

Pboblems pboducing Affected Quad- 
batic Equations 69 

Abithmetical Pboblems solved by Al- 

gebbaic Fobmulas 70 

Factobing — Pebmanbnce and Change in 

Signs 77 

Miscellaneous Examples 80 



PRIMARY ALGEBRA. 



To the scholars. — Strive to work out the problems in these lessons 
without help. 



LESSON I. 

Problems to be Solved by the Use of x. 

1. Four times, seven times, and three times a number 
is 294 ; what is the number ? 

2. Three men. A, B, and C, divide $288 in such a way 
that B has twice as much, and C five times as much as A ; 
how much has each ? 

3. A post 28 feet long stands six times as much above 
ground as in the ground ; how deep is it in the ground ? 
How long above ground ? 

4. A general distributed 2400 men in three forts so 
that fort No. 2 had twice as many as fort No. 1, and fort 
No. 3 had as many as in both the others ; how many did 
he put in each fort ? 

5. Divide the number 534 into two parts, so that one 
part will be five times the other. 

6. A string 125 inches long is cut so that one piece is 
four times as long as the other ; how long is each ? 

7. A man bought a horse, a carriage, and a harness 
for $225. He gave four times as much for the carriage 

1 
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as for the harness, and as much for the horse as he did 
for both the carriage and the harness ; how much did he 
give for each ? 

8. 3x + ^x + 6x = 403, to find value of x. 

9. 5 a; + 2 cc = 154, to find value of x. 

10. I bought a number of apples for two cents each, 
and the same number of oranges for three cents each, 
paying 55 cents for the whole ; how many did I buy ? 



LESSON IL 

Addition and Subtraction of Positive Quan- 
tities — Problems. 

1. Three men. A, B, and C, had 27 m acres of land, of 
which B had three times as much as as A, and C five 
times as much as A ; how many had each ? 

2. A boy had some oranges, three times as many 
apples, and as many pears as apples and oranges to- 
gether ; the whole number was 240. How many had he 
of each? 

3. Find the sum of the following quantities, and also 
the difference by subtracting the second from the first, 
arranging them thus : — 



NO. 


QUANTITIES. 


SUM. 


DIFFERENCE. 


1 

2 


4m 
25 c 


2m 
18 c 


6m 
43 c 


2m 

Ic 



POSITIVE QUANTITIES — PROBLEMS. 3 

1. 7 a and 4 a. 7. 4 c + 8 and 3 c + 6. 

2. 9* and 3*. 8. 9 c? + 12 and 6 (£ + 12. 

3. 12 m and 8 m. 9. 5 a + 7 and 5 a -f 4. 

4. 8 a and 3m. 10. ba + ^c and 3 a + 3 c. 
6. 6 c and 5 *. 11. 7 c? + 8 c and 4 <£ + 8 c. 
6. 25 «> and 22 a. 12. 12 a + 9 m and 12 a + 8 m. 

Sum and difference of 

4. 13 «> + 7 c + 18 and 13 * + 6 c + 15. 

5. 5m + 6w + 7s — 8 and 4m + 6w+7 5. 

6. 25a + 13ft + 8c and 25a + 13ft + 8 c. 

7. Find the value of x in each of the following equa- 
tions, if a = 5, ft = 4, and c = 10. 

1. iB = 6a. 5. a: = 3c — 5a — 4ft. 

2. x = 3 a — 2 ft. 6. cc = 10 a — 4 ft - 20. 

3. a: = 4 ft — c. 7. a = 50 — 3 c — 2 ft. 

4. a; = 5 a — 4 ft + c. 8. a; = 10 ft — 4 a — 20. 

8. Two railroad trains 165 miles apart are approaching 
each other, one at the rate of 30 miles, and the other 25 
miles per hour ; how long before they will meet ? 

9. Two ships are sailing towards each other at the 
rates of 8 and 12 miles per hour respectively. If the 
distance between them is 130 miles, how long before 
they will meet ? How far will each have sailed ? 

10. In an orchard of 162 trees there are five times as 
many apple-trees as peach-trees, and half as many pear- 
trees as of both the other kinds together; how many are 
there of each ? 

11. To 5 a -f 6 ft + 2 cadd a + 3ft + 3 c; then subtract 
4 a -f- 8 ft -f c ; then add 7a + 6ft + 3c; then subtract 
9a-f7ft + 6c. What is the remainder ? 
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12. Take 4a; add 3a +7b'y subtract 56; add 3a + 
8ft + 2c; add 2a+8ft + 5c; subtract 9ft + 6c; sub- 
tract 6 a + 5 ft ; add 2a + 4ft + 7c; divide by 8. ^Ans, ? 

13. Form the following quantities : 

1. One 6 larger than x ; one 6 times x. 

2. One 8 larger than a ; one 8 times a. 

3. One 5 smaller than x ; one 5 times x. 

4. One 7 smaller than ft ; one 7 times ft. 

5. One 10 larger than x ; one 10 times x, 

14. Form quantities : 

1. a larger than x ; a smaller than x. 

2. ft larger than m ; ft smaller than m, 

3. 3 ft larger than y ; 3 ft smaller than y. 

4. 3 c larger than 2 ft ; 3 c smaller than 2 ft. 

15. Form numbers : 

1. a + ft larger than ft + c. 

2. m + » larger than 3 m, 

3. a -{- c smaller than 2 a + c. 

4. 2a + 3ft + 6 smaller than 2 a + 4 ft + 12. 



LESSON IIL 
Multiplication and Division — Exponents. 

1. Form quantities : 

1. a larger than y ; a smaller than y. 

2. 2ft larger than 3a; 2ft smaller than 3 a. 

3. 4 m larger than 4 a: ; 4 m smaller than 4 x. 

2. Answers to the following : 

1. a* multiplied by a* ; a* divided by a*. 



MULTIPLICATION AND DIVISION. 5 

2. a^ multiplied by a^; a^ divided by a^. 

3. h^ multiplied by b^ ; ** divided by h\ 

4. 7^ c^ multiplied by 5 c ; 75 c* divided by 5 c, 

5. 125 s* multiplied by 25 «« ; 125 s* divided by 25 s\ 

6. 6 m^ multiplied by 3 m^ ; 6 m^ divided by 3 m\ 

7. 12 6^ multiplied by 6 **; 12** divided by 6 ft*. 

3. Eive times a certain number and eight times the 
same number is 156 ; what is the number ? 

4. John has a number of cents, Henry has three times 
as many, Willie has as many as John and Henry together, 
and Fred has three-fourths as many as the other three ; 
altogether they have $1.68. How many has each ? 

5. Add 5 a^, 7 a% 3 a', 4 a^, and 9 a^ together, and mul- 
tiply the sum by 3 a*. 

6. Add 6 a*, 9 a*, 2 x^, a', 3 a', and 7 x^ together, and 
divide the sum by 14 x\ 

7. Add together 5 ft, 7 ft, 8 ft, 9 ft, 6 ft, and 5 ft, and divide 
thQ sum by 20 ft*. 

8. Add together 4 c, 8 c, 5 <;, 6 c, and 2 c, and multiply 
the sum by 5 c*. 

9. Lucy has 15 cents more than Mary, and both to- 
gether have 47 cents ; how many have each ? 

10. In an election one candidate received 79 votes 
more than the other out of a total vote of 1,637 ; how 
many did each receive ? 

11. The difference between two numbers is 23, and 
their sum is 71 ; what are the numbers ? 

12. In an election A received a certain ntimber of votes, 
B received 25 more than twice as many, and C 8 less than 
three times as many. The total vote was 3,227 ; how 
many did each receive ? 
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LESSON IV. 

Multiplication and Division continued — 
Problems. 

1. A man's age is five times his son's age, the sum of 
their ages is 36 ; what is the age of each ? 

2. If three times and five times a number be added to 
the number, the sum will be 279 m ; what is the number ? 

3. Form the following quantities : 

1. 4 larger than a ; 4 times a. 

2. a larger than x ; a times x. 

3. ab larger than y ; ah times y. 

4. d smaller than x ; d times x, 

5. aH smaller than a^ ; aH times a\ 

4. Do the following examples : 

1. a multiplied by ft ; a divided by h. 

2. a^ multiplied by a% \ ahc divided by a?h, 

3. ^>2 multiplied by ft2 ; 6^ divided by ^^^ 

4. a?hx multiplied by ahx ; a?hx divided by ahx, 
6. a^x^ multiplied by a^x ; a^x^ divided by a^x, 

6. m^ multiplied by m' ; m^ divided by m*. 

7. 4 x^ multiplied by 2 a:* ; 4 aj* divided by 2 x^, 

8. 16 a^ multiplied by 8 a«; 16 a^x divided by 8 «^ 

9. 25 *» multiplied by 6 ft«(£2 . 25 6« divided by 5 ^•»(^2. 

5. Multiply a^ + ««: + ^ ^7 ^^^^• 

6. Divide 15 a^h + 25 aVP' + 15 a6» by ah. 

7. Divide 5 a + 10 6 by a*. 

8. Multiply 3 aft + 4 a^ft^ + 5 a«ft« by 2 a^^^^. 

9. Multiply 9 aflc + 7 a^a; + 6 a^a;^ by 4 ax\ 



PROBLEMS — NEGATIVE QUANTITIES. 

10. Divide 4 mhi + 6 mn^ + 8 mn by 2 mn, 

11. Multiply 3 a + 4 ft + 5 c by a*c. 

12. 3 « + 25 = 109, to find the value of a?. 

13. 5 aj — 60 = 80, to find the value of x, 

14. 6 aj + 12 = 78, to find the value of x. 



LESSON V. 
Review — Negative Quantities. 
Add the following : 



1. Zx 2. ^a* 3. 7Jc» 


4. 12a;*y 


Ix Ga" 9*c» 


15a;*j, 


4« 7a* 18*c* 


18a;V 


6a! 8a* 22Jc* 


26a;*y 


6a; 4a« 366c* 


9a;*y 


7a; 3a» SJc* 


12a;*y 


2a; 9a* 4Jc* 


42a;*y 


5. From 9a;*y + Soi + 19 c* subtract 


8 a;*y + 8 aJ 


12 c*. 




6. Add: 




1. a; to a*. 3. m to m. 6. 3 


a to 4 ft. 


2. 6 too. 4. 3ito7a. 6. 2 


c to d. 


7. Subtract : 




1. 9 from X. 3. 2 e from m. 6. 3 a; 


from 2 rf. 


2. 3 J from a. 4. 5 d from 5. 6. 7 from 4 a;. 



8. Maine and Vermont together have an area of 42,605 
square miles, and Maine has 23,475 square miles more 
than Vermont ; what is the area of each ? 
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9. Massachusetts and Connecticut have together an 
area of 13,305 sq. miles, and Massachusetts has 3,325 
sq. miles more than Connecticut; what is the area of 
each? 

10. New York, New Jersey, and Pennsylvania have 
together an area of 102,200 sq. miles. New York has 
3,955 sq. miles more than Pennsylvania, and New Jersey 
has 37,400 sq. miles less ; what is the area of each ? 

IL a; + 2 a = 5 a, to find value of x in terms of a. 

12. 3 aj + 6 a = 9 ^, to find value of x in terms of a 
and h, 

13. 3aj + 4a = 8a + a5, to find value of x in terms 
of a. 

14. 5a; — 7a = 2a + 95 + 2a;, to find value of aj. 

15. From the sum of 2m-|-3« + 2a;, 7 m + Sn + 
5 aj, 8 w + 4 aj, 3 w + a;, and 5 w + 2 aj, subtract the 
sum of 3 m + 8 aj, 6 w + 2 aj, and 5m + 3n. 

16. Farmer A has five times as many bushels of wheat 
as farmer B, and farmer C has 10 bushels more than 
both of them. Altogether they have 82 bushels ; how 
many has each ? 

17. Read these quantities : 

-7, -6, -5, ~4, -3, -2, -1,0,1,2, 3, 4, 5, 6, 
—7 o, —6 a, —5 a, —4 a, —3 a, —2 a, —a, 0, a, 2 a, 3 a, 4 o, 5 a, 6 a, 
-76, —66, -56, -46, -3 6, -26, -6, 0, 6, 2 6, 36, 46, 56, 66, 
—7*, —6a;, —5 a;, —4x, —3 a;, —2a;, — x, 0, a;, 2a;, 3a;, 4a;, 5a;, 6a;. 

18. In the following pairs of quantities state which is 
the larger and how much ; as, for example : 

5 a is 7 a larger than —2 a. 
6 or 2. 5 ft or 7 b, 7 a or 3 a, 

6 or — 2. 5 ft or — 7 ft. — 7 a or — 3 a. 



COMPARISON OF QUANTITIES. 9 

— 6 or — 2. 9 05 or — aj. — 2 a or — 9 a. 

— 5 or — 2. — 9 aj or x, 2 a or 9 a. 
8 or 0. — 12 aj or — 3 aj. 7 a or 4 a. 

— 8 or 0. — 2 a; or 7 x. — 7 a or — 4 a. 
or — 6 a. 9 a? or 8 a;. 6 or — 3. 
3^ or— 35. — 9ajor — 8aj. —6 or — 3. 

19. In the following give the smaller in the same way : 

7 a or 0. 9 a or — 9 a. 6 b or —7 b, 

— 7 a or 0. or — 4 a;. — 8 aj or — 9 a;. 

- 8 or 0. or — 2 5. — 8 2^ or 8 y. 

20. Write a quantity : ^ 

6 larger than — 6. 2 a larger than — 2 a. 

2 larger than — 7. 6 b larger than — 12 a. 

7 larger than — 7. 9 b larger than 0. 

3 larger than — 2. 5x larger than — 3 a;. 

4 larger than — 2. 8 aj larger than — 12 x, 

3 larger than — 6. 6 b smaller than — 8 5. 

4 b larger than — 4 5. 7 a smaller than 0. 
3 a larger than — 7 a. 7 b smaller than 3 b. 



Add: 














2L 5a 


22. 


5x 


23. 


8b 


24. 


12 c 


— 2a 




-3x 




26 




-12e 


^Ba 




-5x 




-96 




- 7e 


-4a 




Sx 




-36 




3c 


6a 




-4a! 




-76 




4c 


-2a 




Sx 




-26 




8c 



3a — 4aj 45 — 7c 

1 Or give them orally. 
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LESSON VL 
Addition (Negative Quantities) — Problems. 
Add the following : 

1. 9 2. 4a 3. 2x 4. -126 



-7 


— 5a 


-^3x 


2106 


2 


la 


-ix 


3766 


8 


-2a 


5x 


-6216 


-4 


3a 


6x 


35 6 


-5 


— 6a 


-7x 


816 


2 


—a 


-5x 


-2736 


7 


7a 


-6x 


8366 


6 


8a 


3x 


-2396 


3 


-2a 


7x 


47 6 


-2 


3a 


-2x 


- 996 



Note. Do not add the positive and negative quantities sepa- 
rately, but in order as they occur. This is a good drill to cultivate 
watchfulness as to signs. 

5. 



6a6 


6. 


-9a;« 


7. 91 ax« 


-7a6 




12 x« 


42 ax" 


-31a6 




— 13 a;* 


-36ax« 


42 a6 




24 as" 


-2ax« 


54 a6 




-54x» 


16ax« 


22 a6 




39 x« 


-Sax* 


5a« 


9. 


liax 


10. 6y 


-17a« 




— 36 ox 


7y 


-29a» 




97 ax 


8y 


37 a" 




— 69 ox 


4y 


-4a» 




— 24 ox 


3y 


-9a« 




32 ax 


Sy 


3a« 




91 ax 


9y 


-3a« 




-27 ox 


IJL 



PROBLEMS. 11 

11. I + 9 = 25, to find value of x, 

12. ?^ + 1 = 27, to find value of x, 

13. A farmer, when asked how many cows he had, 
replied that if he had as many more, and half as many 
more, he would have 75 ; how many had he ? 

14. A boy told his companions that if he had two- 
thirds as many cents more than he then had, plus 4 cents, 
he would have 49 cents ; how many had he ? 

15. In a certain school of 84 scholars there are three- 
fourths as many boys as girls ; how many are there of 
each? 

16. A farmer has a number of cows in one herd, 
three-fourths as many in a second, and 4 more than half 
as many in a third ; in all there are 76 cows. How many 
in each herd ? 

17. If to a certain number, itself and one-fifth of itself 
and 3 be added, it will give 80 ; what is the number ? 

18. Meeting a man driving a flock of geese to market, 
I said, " Good-morrow, master, with your hundred geese." 
Said he, " I have not a hundred ; but if I had as many 
more, half as many more, and 2\ geese, I would have a 
hundred." How many had he ? 

19. One-third of a number plus one-fourth of it is 
7 ; what is the number ? 

Note. It may take two lessons to do all these examples, in 
which case spend a part of each lesson on drill in addition. 
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LESSON VIL 
Addition continued — Problems. 



Id: 

1. 3a! 


2. 


6a 


3. 


6 


4. 2 a; + 4 


-6a; 




-2a 




-7 


3a;-2 


7x 




— a 




-3 


, -4a:+3 


-6x 




-la 




-2 


-7a;-2 


ix 




-^a 




-4 


8x-4 


-3x 




-3a 




8 


7a;-6 


5x 




19 a 




-3 




5. 7 


x^- 


3 a** + 8 «! 


6. 


4a;+ c 


-5 


xh,- 


2ab^- 


5d 




-3a!- e 


3 


a;V + 4 ab^ + 


2d 




6x+4c 


-2 


xh,+ 


a¥- 


d 




5x — c 


3 


xhj — 


'2cd)-' + 3d 




-7a!-6c 


-8 


xh,+ 


5ab^- 


2d 




-4a; + 2c 


3 


xhf — 


GoJ"- 


5d 




— X-\- 



Arrange and add the following ; 

7. 7 X, 3 a, — 4 5, — 3 «, 5 a, -< 7 5, — 9 c, 2 a;, — 2 a, 

9 c, 4 5, — 6 aj, 3 a, 7 ^. 

8. 6 a, — 7, — 2 a, 3 &, 5, 6 a, — 2. 

9. 35 — 2a + 6c, 2c — 66 + 2 a, 3a — 4c + 3 6, 

7 J — a + 3 c. 

10. 4 a, — 3 c, 2 5, — 2 a, 5 c, — 3 5, — a, 2 c. 

11. 8 aj, 3 y, — 4 «, 3 «, — 4 «, — 7 aj, 3 aj, — 3 y, «. 

Find quantities : 

12. orlarger than x, 

h larger than x — h. 
c smaller than x-^-c. 



SUBTRACTION — MISCELLANEOUS. 13 

X -]- a larger than x — a. 
a + 3 larger than a — 3. 
b — S smaller than b — S, 

13. In a library two-fifths of the books are histories, 
one-third scientific works, and the remaining 240 are 
poems ; how many volumes in the library, and how many 
of each kind ? 

14. Three-fourths of a river is in one State, one-eighth 
in another, and 24 miles of it in another; how long is 
the river ? 

15. ^ + §^ + 50 = 568-a^ 

16. a; -40 = 40 -5. 

3 

17. A number is as much larger than 25 as 25 is larger 
than two-thirds of the number ; what is the number ? 

18. A farmer sold two-fifths of his farm to one man, 
one-third to another, and had forty acres left ; how large 
was his farm at first ? 

19. Henry had 8 marbles more than Fred, and Willie 
had 5 more than both the others ; altogether they had 61 
marbles. How many had each? 

20. Add 7 xy, — 4 ay, — 3 xy, — 3 ax, 4 ay, — 4 xy, 
and ax. 



LESSON VIII. 
Subtraction — Miscellaneous Problems. 

1. Erom 9 take 7. 3. From — 9 take — 7. 

2. From 7 take 9. 4. From — 7 take — 9. 



14 
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5. From 9 a take 5a. 7. From — 9a take— 5a. 

6. From 5 a take 9 a. 8. From — oa take —9a. 
9.* From 7 a^ — 6 a^ + 4 ac + 7c% take 5a^ — dab + 

6ac+ lc\ 

10. From 13 m» + 8 m» + 24 w» — 9 take 6m^ + Smn 

— 24 ri^ — 18, and add to the remainder — 6 m* — 48 w* 

— 9. 

Note. Rule a table of six columns as follows : — 



No. 


Quantities. 


Sum. 


1st — 2d. 


2d — 1st. 


1st. 


2d. 


1 
2 


6a 
-8a;2 


4a 


10 a 
-13a;2 


2a 


-2a 
3x« 



11. Fill out as above from the following quanti- 
ties : — 



1. 


12 and 


6. 


11. 


24 a» and 


7. 


2. 


- 12 and 


-6. 


12. 


36 a' and 


IS a. 


3. 


- 12 and 


6. 


13. 


5 xi/ and 


4 c. 


4. 


12 and 


-6. 


14. 


Sb and 


8 c. 


5. 


Sa^ and 


5a\ 


15. 


7aicand 


7aa; 


6. 


— 8a2 and 


-5a^ 


16. 


9 by and 


-9%. 


7. 


13 x^ and 


-7xY 


17. 


3 a' and 


4a«. 


8. 


Tab and 


-Tab. 


18. 


Sx^ and 


-8aj2. 


?. 


m and 


— m. 


19. 


12 and 


12. 


10. 


— 7d and - 


-12d. 


20. 


-12 and- 


-12. 



1 In subtraction do not change^ or suppose changed^ the sign of the 
subtrahend, and then add. Subtract by finding the difference. 
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12. Eule a similar table, and fill out from the following 
binomial quantities : — 

1. a + b and a—b. 6, Sd + 9 and 4 <i — 6. 

2. a; + 7 and a; — 7. 7. 8 -f 2 aj and 8 — 2 aj. 

3. 6b + ScB.nd7b-^9c. 8. 12 + 3 a and 7 - 4a. 

4. 5a5-f4ajand5a^ — 4a;. 9. 13 + a; and 13 — aj. 

5. y +x and y — x. 10. 15 — 9 y and 14 — 9 2^. 

13. a; + 30 = ^ + 22, to find value of x. 

14. One-third of a man's property minus one-half of it 
equals 100 dollars ; what is his property ? How do 
you explain the answer ? Ans, $— 600. 

15. One day I deposited in a bank a certain sum of 
money, the next day I deposited the same sum plus 9 
dollars ; if I had deposited 43 dollars more, I would have 
deposited in all 30 dollars. How large was my deposit 
each day? Interpret the answer. Atis, f — 11. 

16. A certain number and two-thirds of the number 
equals 45 ; what is the number ? 

17. Two-fifths of a road is through forests, one-third 
through fields, and 2§ miles along a river bank ; how long 
is the road ? 

18. From subtract each of the foUoT^ring quantities : 
6m; —•6m; —Sax; 16 a^b; Bay, — Sd; a — by 

1-a. 

19. Write a quantity 5 a larger than — 10 a ; 7 x 
larger than — 4 aj ; 16 larger than — 16. 

20. What must be added to a to make it b? to — a 
to make it ^ ? 
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LESSON IX* 







Mifloellaneous 


Problems. 






Add; 
















1. 


7a! 


2. 


76 aJ 


3. 


345 a^ 


4. 


8* 




-4a! 




-33 a* 




227 a'' 




-lib 




-5x 




42 a* 




-364 a'' 




5b 




3x 




-16 a* 




843 a* 




-9b 




Sx 




-27 a* 




-279 a'' 




13 b 




-2x 




-38 a6 




-184 a'' 




-6b 



Subtract each from the other : 

5. 5 a^ — 6 aft + 3 b% and 4.a^-2ab +7 b\ 

6. 13a^ — 39 a% + 39 ab^- 13 b^, and 5 a^- 15 a^b 
+ 15 ab^ - 6 b\ 

7. Multiply : a* by ab^ j 2 ic^y by xy^ ; aft' by a^ftc ; 5 a%c 
by 5 a^bc. 

8. Multiply 5 a» + 7 a4 + 5 aft^ + 2 ft' by 3 a^ft. 

9. Multiply a;2 4- 2 aj + 1 by 2 aa;. 

10. Divide 5 a«ft» + 15 a^ft* + 10 a^ft^ by 5 a%\ 

11. Divide 6 aa; + 9 a^x^ + 12 a'a;' + 15 a^x^ by 3 aa;. 

12. Eour times and five times a number equals 108 ; 
what is the number ? Ans. 12. 

13. One-sixth of a pole is in the mud, four-fifths in 
the water, and 1 foot above the water ; how long is the 
pole? 

14. The sum of two numbers is 26, and their difference 
is 8 ; what are the numbers ? 

15. The sum of two numbers is 8, and their difference 
is 26 ; what are the numbers ? 

16. John has 9 marbles more than Harry, and both 
together have 35 ; how many has each ? 
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17. Take 7 a and — 4 a, and by adding first a positive 
and then a negative quantity to each, illustrate the fol- 
lowing principles : — 

(1) Adding on a positive quantity gives a sum larger 
(or smaller by a negative quantity) than the quantity to 
which it is added. 

(2) Adding on a negative quantity gives a sum smaller 
(or larger by a negative quantity) than the quantity to 
which it is added. 

18. Make examples to illustrate the following prin- 
ciples : — 

(1) Subtracting a positive quantity gives a remainder 
smaller (or larger by a negative quantity) than the min- 
uend. 

(2) Subtracting a negative quantity gives a remainder 
larger (or smaller by a negative quantity) than the min- 
uend. 

19. From subtract: — a^au; a}h\ S ac; x ^ y; 
a — 2b] a^ — 2ab + bK 



LESSON X.* 

Multiplication by Negative Quantities. 
Multiply : 

1. — 7 by 3. Prove by addition. 

2. 9 by — 4. Prove by addition. 

3. — 5 by — 3. Prove by addition. 

^. —Sax^hy —1. 6.-5 xY by - a, 

5. 25 a^x^ hj -y. 7.-7 a^x^ by - 2 a V 
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8.-4 a^h^ by 2 ahc, 9. a^ — 2 a* by — a. 

10. -3aj« — 2ic + 4by -3a;. 

11. 6 a^c — 3 ac^ by — 2. 

12. - 7 aj — 9 by - 1. 

13. 8a;2-22^2_3i3y _ ^^ 

14. a^ + 3 a^^ + 7 by - 2 a»a;. 

15. 7a2~3a5 + 2c2-362cby6a*(j. 

16. 12icV + 7ajV + 14ajy^by2ajy. 

17. ^' — a* — c^ by — a5c. 

18. m* + «* — r* — 5*by-l. 

19. a* — a' — a' + a — 1 by — a, 

20. 7 + 3aj-6aj2 + 3aj8by2aj«. 

21. Erom subtract each of the following quanti- 
ties : — 

a; 5a; — 7aj; — 3 four times ; — 2 a; three times ; 
3 a^ ; 27 a;y ; — 4 aaj ; a — ^ ; 4 — a;. 

22. To add each of the following quantities : — 

6 ; — 7 ; 5a; 12xy\ — ^xy\ x four times ; — x four 
times ; db minus three times ; — ah minus three times ; 
6 ahc minus twice ; 3 a — 6 twice ; 2 a; — 3 y minus once ; 
a — 5 — c minus once. 

23. Three-eighths of a number, three-sevenths of it, 
and 11 added together equals the whole number ; what 
is the number ? 

24. I bought the same number of lead-pencils, pen- 
holders, and slate-pencils. For the lead-pencils I paid 3 
cents each, for the penholders, 5 cents each, and for the 
slate-pencils a cent each. The whole cost $1.08; how 
many did I buy of each ? 
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25. A farmer sold a number of bushels of corn, twice 
as many bushels of wheat, and as many bushels of pota- 
toes as of corn and wheat together. He got 40 cents a 
bushel for his corn, 80 cents a bushel for his wheat, and 
50 cents a bushel for his potatoes. In all he received 
$105.00 ; how many bushels did he sell of each ? 

26. From 18 aj^ - 3 aj + 27 subtract 12x^ + 4x - 3. 

27. From 3 a^^ ^Bab^ + 6b^ subtract 3 a^b'' - 4 a^b^ 
-Sab^-\-^¥ + l. 

28. Frofh a« — b^ subtract »« — 3 a*^^ + 3 ab^ — b\ 
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Multiplication continued — Powers of Quantities. 
Multiply : 

1. a* by a*. 4. a by a, 7. 6 ax by — 2 a^ 

2. a* by — a\ 5. — ahy — a. 8. — 3 m by 2 n. 

3. ~ a* by — a». 6. —x^hj — x\ 9. — x^ by x, 

10. a^ + 2ab +b^hy a + b. 

11. a* - 3 a^^, + 3 ab^ ^^sy^j a^b, 

12. a« - 9 a^ + 27 a — 27 by a - 3. 

13. a + ^ -|- c by a + ^ — ^• 

14. a—b — chya — b + c, 

15. 2 aj2 — 8 aj + 7 by aj + 3. 

16. 3a;«-9aj2 + 2aj-4byaj + 2. 

17. a^ + Phy a+ b. 

18. 3 ar^ + 4 aj — 5 by aj — 6. 

19. aj + 7 by a; — 7. 
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20. X + c by X — c, 

21. 3a^ — 7ad + 2c — 5 by a + c. 
Expand : 

22. (a -by. 23. (x + 2y, 24. (x - 5)». 
Multiply : 

25. x^-^2bx + b^byx^ + 2bx + b\ 

26. x* - a» by x* + a\ 

27. A drover bought the same number of sheep and 
cows ; for the sheep he paid $3.00 each, and for the 
cows $27.00 ; for all he paid $270.00. How nftny did he 
buy of each ? Ans. 9. 

28. A drover bought a certain number of cows, the 
same number of oxen, and three times as many sheep ; 
for the cows he paid $25.00 each, for the oxen $50.00 
each, and for the sheep, $3.00 each ; it cost him $7.00 
to have them brought to market. The whole cost was 
$679.00 ; how many did he buy of each ? 

29. Multiply 3 a by — 2 ax, and subtract the product 
from zero. 

30. Multiply a^ ^ b^ by — a, and subtract the product 
from zero. 

31. Multiply a + 5 by a — 5, and subtract the product 
from zero. 
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Division. 
Divide : 

1. a* by a^ 3. - a* by - «« 

2. a* by - a\ 4. — a* by a\ 
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5. a^x by — a^ 9. — 18 w* by 3 w*. 

6. - a^hhf by a%. 10. - 27 ati by - 27 a. 

7. - 8 c^c^ by - 4 c^. 11. a" - a^> by a. 

8. 24a;» by 6a;. 12. 6«» - Goa^ by 6x^ 

13. 5 a^y — 10 ay by — 5 aj^. 

14. 14 a^l^ - 7 a*^2 by — 7 a*^>». 

15. 12 ax — S6a^ by 12 aa;. 

16. 45^>8 — 305« + 15^>*by -155*. 

17. 8 a^J^^ - 16 a*5V by - 8 al 

18. — 7a*-14a3by — 7a». 

19. a — 5 + c by — 1. 

20. 7 — 4 a by — 1. 

21. Take a^ + 4:ab — 3ac; multiply by a*^^; then 
divide by a'^b ; then multiply by — b^c^ ; then divide by 
— bc^ ; what is the last quotient ? 

22. Multiply a^—2ab + b^hy — 1, and then divide 
the product by — 1. 

23. Multiply a — b + c — d by — a, and divide the 
result by — 1. 

24. Multiply a* — 4 a»6 + 6 a^b"^ ^ 4:ab^ + b^hj a — b, 
subtract a^ — 5a*b +5 ah^ — b^ from the product, and 
divide the remainder by — 10 a?h^, 

25. Divide — 6 a^x* + 12 aV — 6 a*a;2 by — 6 a'x^ 

26. Divide — ax^y + bx^y — cx^y by — xhf, 

27. One-third, one-fifth, and one-ninth of a number 
equals 74 minus the number ; what is the number ? 

28. 40 divided by a certain number gives 3 less than 
64 divided by the same number ; what is the number ? 

29. Multiply a + 6 by — a and subtract the product 
from 0. 
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30. From subtraxjt — 7a; 6xy; — 36; — 8<?; — 9; 
3 — x; a^ — b\ 

31. Multiply a — 5 by — 1 ; by 1. 

32. Divide a — ^ by — 1; by 1. 
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Division continued — Miscellaneous Examples. 
Divide: 

1. — 75a»^*by — 25a«^*. 

2. 125ax^hj —25ax. 

3. x^ by X. 4. x^ by — x. 

5. 96 b^c — 72 5»c — 36 o^^c by — 12 ^^c. 

6. a«-h3a2^ + 3a5^ + 53by a + 6; by — a — 6. 

7. a«-3a25 + 3a62 — J^bya-J; by - a + ^. 

8. x^ - 3 x^ + 3xy^ — y^ hy x^ — 2xy + y\ 

9. aj* + 4ar^2^ + 6ajy + 4aJ2/» + 2^*byaj2 + 2icy + y2^ 

10. Divide the same quantity by aj + y. 

11. 3a2 + 2a — 8by3a — 4. 

12. aj2— 5a; + 6byaj-3. 

13. 6a;2_4aj — 42by3« + 7. 

14. ar^ + 3x2-25aj + 21by«-3. 

15. 2 a^ _ 3 aaj — 2 «» by 2 a + «. 

16. 6a3 + 5a2 + 9by2a + 3. 

17. Sar*— 23«2 + 4 by 5aj + 2. 

18. 4a2^,2_^4^^2_^j2_^2by2a5 + ^ + c. 
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To find the value of x : 
19. — aj=:8. 20. 2aj-5 = 4aj-.31. 

21. A father is four times as old as his son, but in 14 
years he will be only twice as old ; ''what is the age of 
each ? Am. 7 and 28. 

22. One man has worked three times as long as an- 
other, but if they continue to work 2 hours longer, he 
will have worked only twice as long; how long has 
each worked ? 

23. A man sold a certain number of horses at f 100 
each, and bought two more than the same number of 
cows for $30 each, and had $640 left ; how many horses 
did he sell, and how many cows did he buy ? 

24. Multiply 3 a + 4 6 by itself . 

25. Multiply 2x — 3yhj itself. 
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Division continued — Square Boot and Cube Boot 
of Monomials — The SiguB =k and V. 

Divide : 

1. 35a^bhj7ab, 4. a^^b^hja — b. 

2. — ISa^by — 5aj^ 5. a^ + b^hya + b. 

3. a^^b^hya--b. 6. a*-6*bya^-f^ 

7. a* — ft^ by a + ft ; also by a — 6. 

8. x'^ — y^hyx — y. 

9. x'^ + y^hyx + y. 10. x^ + y^ hy x^ + y^ 
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11. Multiply a? -\-¥hy a — h, and divide the product 
by a^ — b\ 

12. Multiply a^ + h^ by a^ — b% and divide the product 
by a2 — b\ X 

13. The square roots of 1; 4; 9; 16; 25; 36; 49; 
64; 81. 

14. Square the following quantities : a; ; — a;^ ; x* ; 
a^; -a*; ^«; c^d^-, ^ a?¥, 

15. Cube the following quantities: a\ a^; —a'; x^; 
05* ; — ax^ ; — a^' ; a^ft^c ; — ab. 

16. Square roots of the following quantities : x^-, x^\ 
^«; a^ft*; a^ftV; x^y\ 

17. Cube roots of the following quantities: a®; a'; 

18. Square the following quantities : 2a; — 3 a^ ; 

— 3 a^ic; 4 a^^; — 5 a; ; 8 a^. 

19. Cube the following quantities: —5; 3a;; 2,x^\ 

— 4 aa; ; 6 a^x^\ — 7 aa;*. 

20. Square root of the following quantities : 64 ; 4 a;^ ; 
25^4; 81 a^^*; l^^cH\ 

21. Cube roots of the following : 8 a» ; 27 a» ; — 125 a^^^ ; 
-64a;V; 343 a^a;^^. 

22. Henry had eight marbles more than John; five 
times the number John had equalled three times the 
number Henry had ; how many had each ? 

23. Divide 20 into two such parts that six times the 
less equals four times the greater. 

24. One-third of a number less 5 equals one-fourth of 
it ; what is the number ? 
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LESSON XV. 

Involution — Binomial Theorem. 

Expand : 

1. (ay. 7. {-aby. 13. {-2x^yy. 

2. (x'^y. 8. (ahy. 14. (2^;^)^ 

3. (b^y, 9. (-0^)2. 15. (-cy. 

4. (-^2)2. 10. (a*)2. 16. (-3ac8)» 

5. (-aT 11. (2x^yy. 17. (- a;)^. 

6. (-^>^)^ 12. (5a;V)'. 18. (4a;y/. 

19. {m-^ny, 25. (a + 2)'. 

20. (m + w)». 26. (6-3)*. 

21. (m-w)2. 27. (x-^y. 

22. (m~7i)». 28. (a + 6)^ 

23. {a-^xy, 29. (c + 5)2. 

24. {x + yy. 30. (c-6)2. 
Note. For advanced work, see Lesson XXXII. 

31. Five times the sum of a certain number and six, 
equals four times the sum of the same number and five ; 
what is the number ? 

32. A farmer had a certain number of sheep, and his 
neighbor had ten more ; the former sold his for $4.00 
each, and the latter for $3.00, and each received the 
same sum for all ; how many sheep had they ? 

33. Four-sevenths and three-fifths of a certain time 
added together equals the whole time plus 6 hours ; how 
long is the time ? 

Divide : 

34. a;« + 6a;«-aj-30bya; + 5. 

35. a» + a^ — 9 a - 9 by a + 1. 
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36. a;8 - 16 a;2 - 3 + 48 by x- — 16. 

37. a;*~9a;» + 4ic-36byic8 + 9. 
Quick oral work : — 

Expand: (a+ft)^; (a + &)»; (a — ^^)«; {a-^by-, (a + ft)*; 
ia + hy^ (a -by. 

(^ + i/y ; (^ — y)' ; (« + yy ; (^ ~ yY ; (^ — y)* ; 
(x + yy-, (x-yy-, (x + yy-, (x-yy. 
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Relation of Quctntities — The Parenthesis - 
Factoring. 

ORAL EXERCISE. 

Give the relation of : 

1. cd to c and d. 

2. m + w to m and n. 

3. m — nto m and n. 

4. 2xy to X and y. 

5. 9 to 3 ; to — 3. 

6. 16 a^ to 4 a ; to — 4 a. 

7. 3 a to 9 a^. 

8. 25a%no5ab^', to -5a^^. 

9. 14 a to 7 and a. 

10. 4 a to a and 3 a. 

11. — 5 a to — 2 a and — 3 a. 

12. 3 c to — 5 c and 8 c. 

13. — 3 c to — 7 (J and 4 c. 

14. — 5 a; to — 12 05 and 7 a5. 
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15. — 12 icHo 4 aj and — 3 aj. 

16. 27 xHo 3 aj and 9 cc. 

17. — a; to 8 a; and — 9x. 

18. aj to 7 a; and — 6 a;. 

19. 3 a; to 7 a; and 4 x, 

20. a^^ to ax', to — ax. 

21. 7 a^aj to 9 a^x and — 2 a^a;. 

22. - 18 a*x^ to 9 a^x and — 2 a^x. 

23. — 45 a»& to 15 a» and — 3 ft. 

24. 18 aa;2 to 9 ax and 2 aj. 

25. 86 to 4 and ft. 





26. 


10 x to 5 and x. 


Factor: 








27. 


a*x + a*y — a*. 




28. 


6 xhj — 12 xy\ 




29. 


5xy+10xY — 5xY- 




30. 


a' + a^b + a^c. 




31. 


7 ax^ + 14 ax. 




32. 


18 — 27 a* + 9 a. 




33. 


7 a — 14 oo; + 21 ckb". 




34. 


15 a^b^- 10 w'b'' + 25 a^l>'. 




35. 


6a—12a^+18a\ 


Combine 


1 I 






36. 


(x-l)(x + l). 




37. 


(a; + 2 a) (« — 2 a). 




38. 


(2 ax + 3 by) (2 ax— 3 bij). 




39. 


(3a'b-5ac)(3a^b + 5ac). 




40. 


(a" + &»)(«=' -6''). 
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Factor: 




41. c'-cP. 


46. 625 «•-«». 


42. m*-n\ 


47. 64J«-4. 


43. 4a»-9R 


48. 4 a"-!. 


44. 25m^-l&n\ 


49. 1-96". 


45. %laW-S&. 


50. a*J"-l. 


Separate into three factors : 




51. ax" — ay". 


53. a;*-y^ 


52. 5a«J''-5a:V- 


54. 16a:^-81j^. 



Add: 

55. a {a —5) to 5 (a — 5). 

56. 2 a; (x + 6) to 7 (a; + 6). 

Subtract : 

57. 6 (m + 6) from m (m + 6). 

58. 6 (a + ft) from a (a + b), 

59. If a number be subtracted from 25, and also 14 be 
subtracted from the number, five times the first remainder 
equals six times the second ; what is the number ? 

60. John and Henry had the same number of marbles ; 
John gained 7 and Henry lost 8, then John had twice as 
many as Henry ; how many had each in the beginning ? 

ORAL EXERCISE. 

Combine : {x + 3) (a; - 3) ; {a- 7) (a + 7) ; 
(3 a - 5 *) (3 a + 5 ft) ; (2 a;y - 3 a) (2 a^y + 3 a) ; 
(2a;'^ -2y) (2x^ + 2^^); (5aj» - ab) (5aj8 + aft). 

Expand : (x + 3)^; {x + 2)^; (x - 4)^; (x - ly. 
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LESSON XVII. 



The Parenthesis — Problems to be Solved 
Inspection. 

Remove parentheses : 



1. a- 


f(« 


-b). 


5. X -\- (a — b 


+ 0). 


2. a- 


-(a 


-b). 


6. a''-(a«- 


a + 1). 


3. 9 + (a; 


-4). 


7. 12 _ (7- 


a + c). 


4. 9- 


-{X 


-4). 


8. 15 -(a«- 


«» + 16). 


Remove 


parentheses 


1 and simplify : 




9. 


6 a" 


+ 3a- 


-2(b — c + d). 




10. 


9 a" 


+ 5a- 


- 2 (a" + 2 a). 




11. 


6 a;* 


+ 9aa; 


— 4x — 4a;(a; + 2 


a-1). 


12. 


8a» 


-\-la^ 


- 8 (a» - a« + 1). 




13. 


2a!» 


+ (3 a;' 


' — a;) — 4 (a;« — 2 X 


-!)• 


14. 


a»- 


■2(a''- 


-3a + 2)+2(2a- 


4-2). 


15. 


a«- 


•(«* + 


a) + 2 (a" + a") _ 3 (« + i). 


Combine by inspection : 






16. 


(3 a- 


-2a;) (3a + 2a;). 






17. 


(««- 


b^ia^ + b^. 






18. 


(5 a- 


-3&)(5a-|-36). 






19. 


(2aa! 


+ 3%)(2aa;-3 6y). 




20. 


(6a;«- 


•f 6y^(6a;«-5y«). 






21. 


(2a»6''-5>(2o«i« + 6). 






22. 


(a; + l)(a;-l). 






23. 


(a;y- 


.l)(xy + l). 






24. 


(1 + 


a)(l-a). 
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Factor : 

25. a^^y\ 27. 25-9a»6». 

26. 4a2-9. 28. 3x«-12 2^« 

29. 64 a^a;^ - 36 6 V. 

30. 16 a* - 81 6^ (three factors). 

31. 25w^-16w». 38. l~9a*. 

32. 625 a* -9 6*. 39. 25a;«-l. 

33. al^-h^ 40. a;*-l. 

34. 49a«-4 62. 41. 1 - aj*. 

35. 81a*-36a». 42. 625 a^ft^ - 4 a; V- 

36. 16 a^ - 1. 43.. 9 aV - 4 ft y. 

37. l-4a;2. 44. a*6« - 4. 

Expand : 

.45. (x + y)*. 48. (a; - 4)». 

46. (aj-y)*. 49. {x-h)\ 

47. (aj + 3)». 50. (« + 3)». 

Factor together the two first terms and the two last 
terms, and simplify: 

51. ax -\-hx -- ay — by. Ans. (x — y) (cb -\- h), 

52. 3aft + 3ac + 4fta; + 4ca;. 

Ans. (3 a + 4 a;) (ft + c). 

53. 10~5a-6ft + 3aft. 

54. 3 aa: — xft + 12 a — 4 ft. 

55. 2 aft + 3 ftc — 10 a — 15 c, 

56. 6 aaj — 10 ay — 9fta; + 15fty. 

Ans. (3 a; — 5 y) (2 a — 3 ft). 
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LESSON XVIII. 

Multiplication at Sight — Factoring — Problems 

in which Two Letters are Used to Indicate 

the Unknown Quantities. 

Expand at sight : 

1. (x + 2y, 5. (a + Sby. 

2. (x +7)». 6. (a + 5 by, 

3. (x+Aay, 7. (x + iy, 

4. (x + 3cy. 8. (x + 9y. 

Factor by inspection : 

9. x^ + Ux+4Q. Ans. (x + 7y. 

10. aj2 + 20 a; + 100. Ans. (a; + 10)^. 

11. x^ + 4ax + 4:a\ Ans, (x + 2ay. 

12. x^ + 6ax + 9a\ 14. a« + 2a + l. 

13. x^ + Sx + 16, 15. b^ + 10bx + 25x\ 

Expand at sight : 

16. (ic — 7)«. 18. (a — 3 by. 

17. (y-Sy, 19. (b--15y. 

20. (x-3ay. 

Factor by inspection : 

21. a;2-18ic + 81. Ans, (x - dy. 

22. x^-^12x + 36. 24. a^ — 30 a + 225. 

23. x^ —24a; + 144. 25. a^ — 22a + 121. 

Multiply at sight : 

26. a; + 1 by aj + 4. Ans. aj^ + 5 aj + 4. 

27. X — 3 by a; — 5. Ans, a;^ _ g ^ _|_ ^^5 



32 
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28. x + lhyx + 2. 

29. a? + 2 by a: + 5. 

30. x + Shyx + 3. 

31. X — 4:l)j X — 6. 

36. a — 



32. a; — 2byaj — 4. 

33. x — 7hyx — l. 

34. x-\-2ahyx-[-5a, 

35. a: + 3 a by X + 7 a. 
4 a by a; —a. 



Factor by inspection : 






37. a;^ + 4 aj + 3. 




40. a;»-10a; + 16. 


38. a^ — 5a + 6. 




41. a;" + 12 a; + 11. 


39. a;2 + 3a; +2. 




42. a;'' + 6a;4-4. 


43. X' 


»-4aj + 3. 


Multiply : 






44. 5 + a; by 7 + aj. 




45. 2 + yby6 + y. 


Factor : 






46. 15 + Sx + x^ 




47. 12 + 7a;4-«*. 


ORAL 


EXERCISE. 


48. Find two numbers : 






1. Whose sum is 


5, 


and product 6. 


2. Whose sum is 


4, 


and product 3. 


3. Whose sum is - 


-8, 


and product 16. 


4. Whose sum is - 


-3, 


and product — 10. 


5. Whose sum is 


4, 


and product — 21. 


6. Whose sum is 


12, 


and product 36. 


7. Whose suTTi is — 


12, 


and product 46. 


8. Whose sum is 


7a 


;, and product — 30 a*. 


9. Whose sum is - 


-Sb 


, and product — 20 6'. 


10. Whose sum is — 


15 c 


, and product 66 c*. 


11. Whose sum is 


7, 


and product 12. 


12. Whose sum is - 


-7, 


and product — 44 
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49. The sum of two numbers is 13 and the difference 
3 ; what are the numbers ? 

50. Four times one number plus twice a second is 
34, and twice the sum of the two is 22 ; what are the 
numbers ? 

51. Five times a number plus three times a second 
is 41, and three times the first minus three times the 
second is 15 ; what are the numbers ? 



LESSON XIX. 
Factoring Arranged by Cases. 

Case I. General problem : ah± ac = a{h^ c). 
Factor : 

1. a^ — 3a^c. 4. 25a^b^^5a^b. 

2. 7 abx + 14 aby. 5. 13 a^ + 13 a. 

3. 5aj2 + 10ic8. 6. 9a^b + lSa^c-27aM. 
7. What are the peculiar features of Case I. ? 

Case II. General problem : a^ — b^ = (a + b) (a — b). 

Factor : 

1. 4-9a2. 4. 1 -4a;2. 

2. 25 a^ - 16 b^. 5. 81 ?/* — 1. (3 factors.) 

3. 64 a^x^ - 100 by, 6. 121 - 4 a^b^c^ 
7. What are the peculiar features of Case II. ? 

Case III. General problem : a^ + 2ab + b^ = (a + b) 
(a + b). 
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Factor: 

1. m^ + 2mn + n\ 4. 25 a^b^ + 20 abx + 4: x\ 

2. 4m^ + 12 mn + 9 n\ 5. 16x^ + Sx + l, 

3. 64:b^ + 32 bx + 4:x\ 6. l + 4a;2 + 4a:*. 
7. What are the peculiar features of Case III. ? 

Case IV. General problem : a^ — 2 ab -\- b^ = (a — b) 
(a-b). 

Factor : 

1. S6a^^36ab + 9b^ 2. x^-lOx + 25. 

3. 49-28c + 4c2. 

4. 100 ay - 100 a:y + 25. 

5. 5a^--10ab + 5b^ (3 factors.) 

6. 81x^-72x1/ + 16 if. (4 factors.) 
7. What are the peculiar features of Case IV. ? 

Case V. General problem : (a + b) (a -^ c) = a^ + 
(ft + c) a + be. 

Factor : 

1, x^ + 5x + 6. 3. m^ + 13 m + 40. 

2. f + 3y + 2. 4. b^ + 15b + 54:. 

5. 7a2 + 56aj + 105. (3 factors.) 

6. 3(j2 + 18c + 24. 

7. What are the peculiar features of Case V. ? 

Case VI. General problem : (a — b) (a — c) = a^ -^ 
(b -\- c) a -\- be. 

Factor: 

1. a;2 - 7 aj + 6. 3. ar^ - 17 a + 30. 

2. a»-llaj + 10. 4. a:* - 12 a:^ + 32. 
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5. a;* — 9 aj2 + 20. 6. x^-^Sax + 15 a« 

7. What are the peculiar features of Case VI.? 
Combine by inspection : 

1. (c^+ 9) (a — 8). 3. (aj + 2 a) (a; — 4 a). 

2. (a; + 4) (a; - 8). 4. (x + S b) (x -^ b). ^ 

pASE VII. General problem : (a + b) (a — c) = a^ + 
(b— c) a — be. 

Factor : 

1. a:2 + 3a;-10. 

2. y2-5y-14. 

3. ar2-llaj-12. 

4. a^ + a^56. 

5. a^ — a — 56. 10. aj^ + 3 ca; — 4 c\ 
What are the peculiar features of Case VII. ? 
For Cases VIII. and IX., see Lesson XXI. 

1. A and B have herds of cattle of which A's is the 
larger ; the number in both herds is 95, and three times 
the number A has minus the number B has is 117 ; how 
many had each ? Ans, A, 53 ; B, 42. 

2. 1 + ^ = 17. ? + I = 12. 
3 2 4 3 



6. 


a' — 2a -63. 


7. 


a" + 2a -63. 


8. 


a;» _ 3 a; - 40. 


9. 


x'-Sax-li 



LESSON XX.« 

Common Divisor — Greatest Common 
Divisor, G. C. D. 

In the following examples find two common divisors, 
one of which will be the greatest (integral) divisor pos- 



36 PRIMARY ALGEBRA. — LESSON XX. 

sible. Also quotients, when the quantities are divided 
by it. 

1. 36,48,72,96. 3. 9 x^y, 27 ay, 45 a^y . 

2. 5 a% 10 a'^bS 15 a%^x. 4. a\ aH, a*, 5 a^ 

5. a^x^y, a?'x'^ — 5 a^x^ abx + acx. 

6. x^ — y% ax — ay, a;^ — 2 ay + y^. 

7. 6,7,5,11. 
Find G. C. D. only : 

8. 7 a + 7 ^, aa + ab, a^ — b^. 

9. 12 6-24, Z»a-2a!, ^2-4. 

10. a^x — 3 a«, 3 aa^ - 27 a, aa - 3 a, 

11. a^ — y^, oj^ — 2 ay + y% ax^ — aay. 

12. 3a^-3c%a^ + 2ac + c% Bab + 5 be. 

13. m^ — 16, m^ + 8m + 16, ?7ia + 4 a. 

14. 36-a2, 36 + 12a + a2. 

15. 81 — < 9 + 6 a + a\ 

16. a2-25, a2 + 8a + 15. 

17. a2-49,a2-9a + 14,3a + 21. 

18. y^ + 6y + 9,y2-9,y2+2y-3. 

19. a2 _ 3 ^ _ 10^ ^2 __ 10 ^ _,_ 25. 

20. 9a^^25b%15ax-25bx. 

21. c« - 8 c + 15, c2 - c - 20, 2 c - 10. 
Find the value of a or y : 

22. 1-1 = 1. Ans. a = 20. 
4 5a 

23. 1 + 1 = -^ Ans, a = l5. 
o o a 

24. i + | = i. 25.5 + 5 = 9. 
3 5 y 4 5 



FACTORING. — GREATEST COMMON DIVISOR. 37 

26. One man can do a piece of work in 3 hours and 
another in 6 hours ; how long will it take them both to 
doit? 

27. Two pipes dischg^rge water into a cistern; one 
will fill it in 8 hours and the other in 4 hours ; how long 
will it take both to fill it ? 

28. Of two pipes one will fill a tank in 4 hours, and 
both in 3 hours; how long will it take the other to 
fill it ? 

29. In a school of boys and girls, two times the num- 
ber of boys plus five times the number of girls equals 
100, and four times the number of boys minus five times 
the number of girls equals — 10 ; how many are there of 
each? 

30. Divide a7 + b''hj a + b. 

31. Multiply a* — a^b + a^b^ - ab^ ^b^hy a + b, 

32. m + (n — r-\-S); remove parentheses. 



LESSON XXI. 
Cases of Factoring, Continued — G. C. D. 

Divide : 



1. 


x* + y'hyx+y. 


4. j^_8byy-2. 


2. 


x» — y'hy X — y. 


5. «» + y by a; + y. 


3. 


y+8byy + 2. 


6. a;* — y* by a; — y. 



Factoring. Case VIII. General Problems. 
a» + *8 = (a + b) (a2 — ab + b"). 
a* + 6* = (a + b) (a* - a'^b + a%^ - a¥ + b"). 
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Factor : 

1. m« + w«. 3. (ay+(ftT 5. «» + 126. 

2. c^ + d\ 4. a» + 27. 6. ir« + 64. 
7. What are the peculiar features of Case VIII. ? 

Case IX. General Problems. 

a» - 5» = (a - b) (a^ + ab + b"). 

a^-b^ = (a — b) (a* + a«5 + a%^ + ab^ + b*). 
Factor : 

1. ^ _ 5». 3. (^2)6 _ (^2)6^ 5^ 126 - a«. 

2. e«~m«. 4. «« - 343. 6. 27 -6«. 
7. What are the peculiar features of Case IX. ? 
For Case X., see Lesson XXIII. 

Find the greatest common divisor (G.C.D.) of the 
quantities in each of the following : 

1. a^b, ab% and — a^b\ 

2. 3 xy, 9ax, —3 hx\ and 12 ex. 

3. 7aaj + 7 6a;and3a2 — 3 6^ 

4. ax — ay, x^ — y^, and x^ — 2xy -\- y\ 

5. w" + 2 ab + b^ 2i.TidL a^ -b\ 

6. a^ — b'^ and a» + ft*. 

7. a;2 _ 4 an^ a.2 _ 4 a. _|_ 4 

8. 9 — a^ and 9 — 6 a + a\ 

9. x^ — a^, x^ -{- (a -{- h) X + ab, and 6 a + 5 a. 
10. a;2_4a.-|-4andaj2 + ic — 6. 

Problems in division. 

1. Divide {x + y)« by {x + y)". 

2. Divide (a + ft)* by (a + ^)' and expand the quo- 
tient. 
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3. Divide (x + 3)* by (x + 3)^ and expand the quo- 
tient. 

4. The G. C. D. of (c + dy, (c + d)\ and (c + dy. 

Miscellaneous examples for factoring. 

1. ^2 + 5 a; + 4. 4. a;^ _ a; — 132. 

2. a;2-12a: + 32. 5. x^ + x-12. 

3. aj»_3a;-108. 6. a;^ — 2aj-6e. 

7. 25a;«-9c2. 



LESSON XXII.* 

Fractions — Use of the G. C. D. — Axioms. 

Keduce to lowest terms : 

^ 3ax2 ^ 18 my 

* 6 aa? 9 m^y* 

2 16 a«ft« e 17 a%^ 

' Sa^b^ ' ' 34 a»^»8 * 

3 _5jt^^ g 39 a; V 

25aa;y* ' 13 a; V' 

ly a^b + g^ g 3 a;« — 3 x^y 

3 a'' 6 aa;^ 

a + 6 * ' ax + ay ' 

11 a^'-~y^ 13 0^' + ^' 

* aj2 — 2ajy + y2* • a^— ^.2- 

. 2 a« + 2a6-h62 . . 4a(a:»-y«) 

a2-^»2 * • Sa^(x^—y^' 
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x^_±7x_+12 1- g^ — 16 



15. " -r « ^ -r ^^ ^ 17 

jg gg — 6 g + 5 13 a;8 — 27 



19. Give the axiom by which you find the value of x 
in each of the following : — 

1. a; + 6 = 9. 3. 3 a; = 15. 

2. a; — 3 = 7. 4. f = 2. 

5 

20. 2 aj + 3 y = 35. 21. 3 a; + y = 33. 
3a; + y = 35. 4a; — 3y = 57. 

What axioms have you used in solving the above ? 
Use two letters for the unknown quantities in the 
following : — 

22. A cistern holding 64 bbls. of water, is filled by two 
pipes ; both running 8 hours will fill it, or No. 1 running 
7 hours and No. 2 running 5 hours will fill it ; how many 
bbls. per hour does each discharge into the cistern ? 

Interpret the negative result. 

23. A and B are together worth $3000 ; but twice A's 
property added to B's would be f6500; what is each 
worth? 

Find the value of x in terms of a, b, and c : 
2^. x + b = a, 27, ax -\-b = c. 

25. x-^ab = a\ 28. 5 + 6 = -^'. 

b b 

26. ax + ab = a\ 29. ax -\- bx = c. 

30. Expand (x + by, 32. Expand (2 aj — 5 by, 

31. Expand (x — cy°. 
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Factor : 

33. Slx^ — 25y^ 36. x^ — 18x^17. 

34. x'' + 16 ax + 64^ a^. 37. a^^ 17 a — 30. 

35. x^— IS abx + 81 a%\ 



LESSON XXIIL* 

Le€bst Coininon Multiple, L. C. M. — Factoringr, 
Case X. 

In each of the following examples find two common 
multiples, one of which will be the least common 
multiple, L. C. M. 

1. 7, 21, 35, and 15. Prove. 4. 2x,Sy,2y(a+ b). 

2. a^, ab^y a^c% bW Prove. 5. 5 m, S mn, 5 n. 

3. x^y^,3x,5y. 

Find the least common multiple : 

6. 3 a, 4 ax, 2 a^% 12 ah:. Prove. 

7. 16 am, — 8 m% 12 a% — 3 aV^. 

8. a + b, a — b. 

9. x + S,x — S,x*—9. 

10. a2, ft + 2, ft2 — 4. 

11. 3aft, 3(a + ft), 2(a — ft). 

12. a^ — b^, a^—2ab + b\ a {a — b). 

13. a^ - b^, a^ + 2ab + b\ a^ + ab. 

14. a + 3, a; — 3, ic2 — 9. 

15. « + 2, a; — 5, ic2__3aj-_io. 

16. a;^ + 4 ic + 3, aj2 + ic — 6, aa; + 3 a. 
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17. a;2 — 25, a;^ + 2 a? — 35, oaj — 5 a. 

18. x^^2x — S,x^ — ^,x^—6x+S. 

19. a«-62, a«-6», a«— oft. 

20. a^-b^,a'' + b^,a^ + 2ab + b^ 
Add the following : 

21. 5(x + 6), 4 (x + 6), - 3 (a; + 6), -7(x + 6). 

22. 3 (a + 6), - 4 (a + ft), 5 (a + 6), 9 (a + ft), 
— 2 (a + ft). 

23. a(c + c[)yb(c + d). 24. a (x — y), — ft (a? — y). 

25. a(a-'b),—b(a — ft). 

26. a(a + ft — 3),ft(a + ft — 3). 

Factoring. Case X. General Problems. 

ac -^ad -\-bc -^bd = a (c -^d) -^b (c -^d) = (a -^ b) 

(c + d), 
ac^ad + bc — bd = a(c — d)-^b(c — d):=(a-\-b) 

(c-d). 

ac — ad — ftc + ftc? = a (c — d) — ft (c — d) = (a —b) 

(c-d). 
Factor : 

27. ax + ay -\- dx -^ dy, 28. aa; — 3 a + 5 » — 15. 

29. a^ — Sa^—7a+21, 

30. 6ax+9ay — ^bx — 6by. 

31. am — 2 bm — an -^2 bn. 

32. aV — aftc^ — a2jc + aft2c. 
Note. For Case XL, see Lesson XXXV. 
Find value of x, 

33. a; - (60 - a;) = 20. 34. 2a;— (a; — 7) =22. 
35. a;-(8-2x) = l. 
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36. i+i = -. 37. i+i = i. 

2 8 a; a b x 

38. A can mow a field in 4 hours, and B in 3 hours ; 
how long will it take both ? Ans, If hours. 

39. A and B together can mow a field in 5 hours, and 
A alone can do it in 8 hours ; how long will it take B to 
doit? 

Keduce to lowest terms : 

40. ^^=i^!. 42. 



x^ — x — 42 
x^+y^' "" a;2+aj — 56* 

x^— xy -Q g' — 2 g -f- ^ 

aj8 — y** ' a2^5a — 6' 



LESSON XXIV.* 

Use of the L. C. M. — Addition and Subtraction 
of Fractions. 

Change the following fractions to a common denom- 
inator : 

1, 5 and?. 3. ?^±iand^i^. 
3 4 a a — h 

2. ?and5?. 4. _?^ and -^. 



he a-\-b 

Add the following : 

tt X X - a + 2 g + 5 

^' 2' 3" ^- "3~' ~r' 

f. X X qCc + Scc — 3 

®- a' V *• -5-' -3~- 
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Q a -\- b a + b 

V, , r 



11. 



b a -^ b a 

13 ^ + ^ g — ft -tA X + 2 X — 2 

' a^b'a + b' ' x — 2'x + 2' 



15. 



x-^3 x — 6 



a; + l'a;-l' 
Subtract : 

16. Quantities as in 13, second from first. 

17. Quantities as in 14, second from first. 

18. Quantities as in 15, second from first. 

19. From -take?. 20. From - take -. 



21. From? take?. 



22. From 1^-+1 take i^+1. 

3 4 

23. From ^^^ take :^^^-^. 

6 6 

24. From ^±i take ^L±^. 

5 6 

25. From5L±itake5^. 

3 6 

26. From 5L±i take 5L+*. 

a b 

27. From fL+l take ^^. 

a — b a -\- b 

28. Yvom^+^take?^. 

a« — 6« a + b 
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Unite the following as indicated by signs : 

29. 2+* + ^. 
oca 

AQ a -\-h . a — h a^-\-h^ 
' a — h a -\-h a^ — b^' 

g- 3 + 2a; _ 2-3a; 16a; -a;^ 
• 2-aj 2 + x"*"4-a;2* 

32. ^ + ^ 5L_. 

33. 

(5 _ c) (c — a) (c - a) (a. ~ 6) "^ (a - 6) (6 - c) ' 
34. 

1 1 + 1 



(aj -\-y){x+ z) {y + «) (x + y) {x + «) (y + «) 

35. 

ac , be . a^ 



(a — b) (b — c) (a — b){c — a) (b — c) (c — a) 

36. 

c -{- a I a -\-b I b + G 

(a — b)(a—' c) (b — c) (b — a) (c — a) (c — b) ' 

Find the value of x : 

37. 3x- (100 + a;) = 0. 

38. ax — (bx -\- c) = a — b — c. Arts, a; = 1. 

39. The sum of two quantities is a and the difference 
h ; what are the quantities ? 

40. A grocer has tea of two prices ; 5 lbs. of the 
higher priced and 4 of the lower are worth $6.27 ; 2 lbs. 
of each are worth $1.76 ; find the price of each kind. 
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Reduce to lowest terms. See Case X., factoring. 
^^ 2ab+5b + 6a + W ^^ 2a + 5 

b'2 + 4.b + 3 ' ' b + 1 ' 

42 f^^-^^<^^bx — Sb 

a^-2ab + b^ 
-« Sax — ay — 6 x- {-2y 



LESSON XXV.* 

Mixed Numbers to Fractions — Fractions to Mixed 
Numbers. 



Change to a fraction : 



1. 


a 


2. 


3 a -| . 

a 


3. 


2.-1 


4. 


2x-a+^. 


5. 


a -\-o 


6. 


a+b ni^ 

a -\-b 



m y . 4 ab 

7. a — b -{ 



8. x+S 

9. X — 5 



a — b 

9 
x — S' 

25 

'x+5' 



in I A a^ + b^ 

10. a-{-b !— p. 

a — b 

11. X-S+ ^^^ 



x-7 



12. 0^ + 3 -^+i?. 
sc — 4 

Change to a mixed number : 

j3 a;^ +9x4-17 ^^j a2-,a5-f^2 

X a 

^^ 2a^-4.a+S ^g 3 a;* -7a;^ + 4a; +3 

2a * 05-2 
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x^-\-e ' ' a+b' 

a+b ' 



5x+2 
2j 6a^ — 2a^+2a^7 
3a^ + 2a+3 



Id: 

22. * and * . 23. 

a + b a + b 


" and ''^ 
x+3 x — 3 


^ a+*'^"*a«-2a6+6^- 




25. Subtract * „ from ** . 
a+2 a+1 




26. Subtract""* from*"*. 
a b 




Reduce to lowest terms : 




27. '^-'^ 28 


a;» + 7 a; + 12 


c^ — 2cd + cP 


a;2_3x — 28' 



29 5 «« + 10 «^6 

30. A farmer had b sheep; he lost a third of them, 
and then he lost a third of the remainder ; how many did 
he have left ? 

31. Henry had 5 a marbles ; he lost half of them, and 

o 

then he lost -— ; how many had he left ? 

32. Simplify: 



(a — V) {a — c) (a — c) (ft — c) (^ — <^) (^ — ^) 
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LESSON XXVI.* 

Multiplication and Division of Fractions by 
Whole Quantities. 

Multiply : 

1. |by.. 

2. II by 3^. 

3. 1^ by 3 my. 

4. plhjlOxy. 

5. 5 by 3 a*. 



6. 


7/f byl8 6c. 


7. 


a -\-b 


8. 


"^y by xy. 
x-y 


9. 


a — 


10. 


.^'^ .hyx-^-y 



h " 2(a;+y) 

11. £Lzz4bya»-6« 

^- » "'^^^. bya^'-Ta^+lO. 

X^ — OX -\-^ 

Divide : 

14. ?bya. 19. I^^by4ac«wi. 

15. ^bySaj^a. 20. ^Jt^ by a (a + 5). 

16. §^by3aftc. 21. (^ "" y)% y 2 (a; - y). 

17. ^ by 5 aVA 22. -^ by a (a + ft). 

18. |by2«. 23. ^i£fJ^ by 6 (x - y). 
6 o 
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c ^ 

25. «'+2«6+6' ^^ 2 (a* - b^. 

26. £l + *! by a« - 6». 

as -|-2 
28. tt'+a'-gO byie^ + gig+S. 



« — 1 








Express : 








29. 2|^ times « — 


6.. 


31. 


7| times « + 3. 


30. 3| times a? + 


6. 


32. 


4J times a; — 8. 


Multiply : 








33. a^hj^. 
a 




35. 


3a;ybyA. 


34. 2* by 1. 

y 




36. 



37. If a boat's crew can row x miles an hour, how far 
down a river flowing at the rate of 4 miles an hour can 
they go in one hour ? In 2 hours ? In 2J hours ? 

38. How far could the same crew row up the same river 
in 1 hour ? In 3 hours ? In 4|^ hours ? In 5 hours and 
40 minutes ? 

39. It took this same boat's crew 3 hours to row up 
the river a distance that they rowed down in one hour ; 
what would be their rate per hour in still water ? 

40. A boat's crew rowed for 2 hours up a stream flow- 
ing at the rate of 2 miles an hour ; returning it took them 
only 1 hour and 12 minutes ; how fast can they row ? 

x-\-2 a; — 2 , a; - 1 



41. Simplify 



x — 2 x-{-2 
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LESSON XXVIL* 

Multiplsringr and Dividing: Fractions and Mixed 
Quantities by Fractions. 

Multiply : 



1. 


-b^^b- 




4. 


8a»* •* 7x«y 


2. 


a 




5. 


5byi^;. 


3. 


&by ^ 




6. 




7. 


a" - i» J 


>.y--2. 










a6 a^ — ab + b^ 

9. |jIL^"by| + £. 

3 +« "' 3 — a 

10. " (<^ - ^) by '^^ ~ ^\ 
a^-\-2ab-\-b^ •' oA 

11. l+?byl-5. 

a a 

12. 3a-i^by ^ 



a "^ 3 (a + ft) 

a;2+7a; + 6 ^a;2-8a; + 16' 
aa + 9a-10 . a^ + 2a-\-l 
' a^- 10a -11 ^ a^-2a + l' 

15, a-5- — hj 



a -^ a2 — 9 a + 14 



16. ^by^. 
a; + 3 '^ x + 5 
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17. ^±4hy^. 
x — S'^ x + 3 



Divide : 



18. 






21. 


Hyf. 


19. 


^by^. 
y X 




22. 


-"^i- 


20. 


2b^ 2 




23. 


4 "6 by «y 

6a;y ab 


24. 


2 + !""* by 
5xy 


2e 

xY' 







25. 3 + -by 3 -2. 



26. a_*'bya+2 6+*!. 
a a 

27 ^'+^ bT ''+^ 
28. a-J-f-_*l-by 



a;a-a;-.30 , a;' + 8ie+15 
• a;«4-a;-6 •'^ «" - 8 a; + 12 * 

oQ «' — 2 ax -\-x^ , g' — 2 aa; -|- a;* 
a;+3 ^ a;-3 

31. ^by*-2 



x+1 •' x+3 

32. ?^^byi^:-^. 
c + d •' a +b 

33. ^by^. 
a; +7 x + 6 
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Divide : 

34. a^ — ^7 by a — ft. 

35. x^+xy + i/hj x+y, 

36. It took a boat's crew that can row in still water 8 
miles an hour, 4^ hours to row back up a stream a dis- 
tance that they rowed down in two hours ; how fast did 
the stream flow ? 



LESSON XXVIII. 
Equations of the First Degrree. 

Note. The teacher may help on those numbered in full face 
type. Then the pupils should do the others. 

1.x- (36 - aj) = 4. Arts. 20. 

2. x + (7 +x) = - 17. Ans, - 6. 

3 20^+1 ^ 7x+5 ^ ^ 



4 ^ + 2 ^ 3a;+l 
* 2 4 

5 3a;+3 . 2x+l ^5 



5 ' 3 3 

6 ^^"~H ag — l _ lla;~-l 

4 10 12™"' 

7 ^ , 19-2a^ ^ l0+x 

^3 2 ■ 

^2 3 

9 a; + 3 g; — 2 ^ a; + 2 1 
' 2 3 2 6* 
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5 2a;-l 



10 4a;+3 12a; 
' 10 6a; -29 



.. 9a; + 20 4 a; - 12 ^ a; 
36 6a; -4 4' 



12. 
13. 
14. 
15. 
16. 
17. 



2a;-8 5a; — 2 ^ 4a; + 7 

3 a;+l 6 " 
3a;+7 . 2a;+l ^ 3a; + ll 

4 "^3a;+3~ 4 

5a;+7 _ 5a; — 5 
3a;+2 3a;-4" 

3a; 



+ 



X 



= 1. 



4a; + l ' 4a;-2 

8a;+7 ^2 ^^ 

5x +4 5x + 1 

1 1 _ 1 

a; — 7 a; — 4 



X 



-1 



x + 2 

KoTB. First simplify the members separately. 
18 1 111 

19. 
20. 
21. 
22. 



aj-_l x — S 


x+2 X 


1 1 

x-7 a; + 7 


1 1 

a; — 9 x-\-b' 


1 1 


1 1 


a; - 10 a; - 7 


' x-9 a;-6 


1 1 


1 1 


a;+3 a; + l 


a; + 7 a; + 5 


x + 5 x — 6_ 


a; — 4 a; — 15 



a; + 4 a;— 1 x + 6 a; — 16 

a; + 3 __ x-{-Q^ ^ x + 2 _ x+5 
x + 6 x + 9 x + 5 x + S' 



Ans,3, 
Am. 2. 

Ans, 2f 

Ans. §. 
Ans. 1. 
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« — 7 x — d CC--13 ar — 15 



24. 
25. 



X — 9 ic — 11 « — 15 x — 17' 
a; + 2 a;4-3 _ a; — 6 a;-7 
a; X + 1"^ X — 4: « — 5* 



LESSON XXIX. 

Problems of the First De^ee Solved by the Use 
of One Letter. 

.Note. If the teacher has to give any help on these problems, 
it should be on those numbered in the heavier type as 4, 8, etc., 
only. 

1. Divide a string 42 inches long into two parts such 
that one of them will be three-fourths the length of the 
other. Ans. 24 and 18 inches. 

2. The sum of two numbers is 85, and the difference 7 ; 
what are the numbers ? 

3. The sum of two quantities is a, the difference b ; 
what are the quantities ? . a + b -^ a — b 

ns. 2 2 

4. A can do a piece of work in 10 days and B in 8 ; 
how long will it take them both to do it ? 

5. A and B can do a piece of work in 5 days and B 
alone in 9 days ; how long will it take A alone to do it ? 

Ans. llj days. 

6. It takes A twice as long as it does B to do a piece 
of work, and both together can do it in 4 days ; how long 
would it take each ? Ans. A in 12 days and B in 6. 

7. A can do a piece of work in a days and B in 6 days ; 
how long would it take both to do it ? 
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8. A workman was engaged to work for thirty days 
with the agreement that for every day he worked he was 
to receive $2.00, and for every day he was absent he 
would forfeit fifty cents j he received $47.50 ; how many 
days di:d he work ? 

9. A man expends one-fifth his income for board, three- 
twentieths for lodging, one-tenth for clothes, three-eighths 
for miscellaneous expenses, and had left $175 ; what was 
his income ? 

10. A man is three times as old as his son, but in 5 
years more he will be only 2^ times as old ; how old are 
they each ? 

11. Two casks contain an equal quantity of oil, but 
when 5 gallons were drawn from one and 25 from the 
other, the first contained three times as much as the 
other ; how many gallons were there in each at first ? 

12. To a certain number add 18, and also from the 
same number subtract 2 ; three times the sum equals nine 
times the difference ; what is the number ? 

13. The difference between two numbers is 6, and if 
27 be added to their sum, it will give 29 ; what are the 
numbers ? 

14. The sum of two numbers is 16, and if 12 be added 
to their difference, the result will be 20; what are the 
numbers ? 

15. After paying the fourth and the fifth of a debt, 
$38.50 is still due ; what was the debt ? 

16. After paying the fifth of a debt, and one-third of 
the remainder, $48.00 is still due ; what was the debt ? 

17. After paying the half of a debt, one-third of the 
remainder, and one-fourth of what was then left, and 
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lastly $7.00, there was still due $5.00; what was the 
original debt ? 

18. After selling a third of his sheep, a fourth of the 
remainder, and a third of what he then had, a farmer had 
20 sheep left ; how many had lie at first ? 

19. The difference between the squares of two con- 
secutive numbers is 26 ; what are the numbers ? 

20. The difference between the squares of two consec- 
utive even numbers is 28 ; what are the numbers ? 

21. The difference between the squares of two numbers, 
one of which is 3 larger than the other, is 3 ; what are 
the numbers ? 

22. A thief travelling at the rate of 3J miles an hour 
is 6 miles ahead of the sheriff pursuing at the rate of 8J 
miles an hour; how long before the former will be over- 
taken ? ' 

Illustrate thus on a scale : 



B 



23. An hour after a freight train going at the rate of 
18 miles an hour has left the station, it is followed by an 
express going at the rate of 42 miles an hour ; how long 
before the express will overtake the freight ? 

24. A steamboat going at the rate of 9J miles an hour 
is 7 miles ahead of another going at the rate of 11 1 miles 
per hour; how long before the second will be 7 miles 
ahead of the first ? 







THIBP. 






f 
A 


6 miles 


V 


3 J a; 


-% 


V 


8 J a; 






J 
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25. The minute-hand of a watch goes one minute space 
per minute, and the hour-hand goes ^ of a minute space 
per minute ; at 4 o'clock, the hour-hand has a lead of 20 
spaces ; how long before the minute-hand overtakes it ? 

Ans. 21 ^Y minutes. 

26. The hour and minute hands of a watch are together 
at 12 o'clock ; when will they be together next. 

Ans. At 5fy minutes past one. 

27. The hour and minute hands of a watch are to- 
gether at 12 o'clock ; how long before they will be point- 
ing in opposite directions ? 

28. At what time between five and six o'clock will the 
hour and minute hands of a clock be together ? 

29. At what time between one and two o'clock will the 
two hands be pointing in opposite directions ? 

30. A hare is 80 of her own leaps ahead of a grey- 
hound, and takes 3 leaps while the greyhound takes 2 ; 
but one of the greyhound's leaps equals two of hers ; how 
many leaps will the hare take before she is caught ? 

31. A hare is 45 of her leaps ahead of a hound, and is 
taking five leaps to the hound's 4 ; but 2 of the hound's 
leaps equal 3 of the hare's ; how many leaps will the hare 
take before the hound catches her ? Ans, 225. 

32. A hare is 70 of her leaps ahead of a hound, and 
280 more leaps will put her in a place of safety. She 
takes three leaps to the hound's 2, but one of the hound's 
is equal to 2 of hers ; will she be caught ? 

33. A man is 30 of his own steps behind his son, and 
takes 3 steps to his son's 5 ; but one of his steps equals 2 
of his son's ; how many steps must he take before he 
overtakes his son ? 
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34. A certain number of persons paid a bill of $1.20 ; 
if there had been one more of them, each would have 
paid 10 cents less ; how many were there ? 

35. A boy bought a number of apples for 18 cents, but 
had to throw away three of them, making the others cost 
him half a cent apiece more ; how many did he buy ? 



LESSON XXX. 
Equations Usin? Two or More Letters. 



1. 


a; + y = 16. 




4 x+y = 5. 




a; — y = 4. 




3a; — 2y = 30. 


2. 


ax -{-by = m. 




5. 6a;+y = 32. 




ax — by = n. 




2x — 7y = — 4. 


3. 


X + y = 6. 




6. 8a;-3y = 5. 




x-y = 20. 




7a;-2y = 6. 


7. 


6a5 + 2y_o 




o 3a;+6y 7 a; + 20 




13 




2 3 




-^ = . 




2x — y 5y — 20 
9 6 • 




9. *«' 


+ 7 
4 


1 = 1. 




5x 


-2 
23 


y.=2. 


0. 


x+y + z = 9. 




12. a;+y = ll. 




3x — 2i/ — z = S 


. 


a; + « = 13. 




2x — i/ + « = 8. 




y + « = 12. 


.1. 


x — y + 2z = 2. 




13. 5a! + « = 10. 




2x-3y + z = - 


-9. 


2 a; + 3 y = 8. 




3x+y—Sz = 6 


. 


2y-z = \. 
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14. 2x — 3y+2z = 9. 




x—z = -l. 




6y — 3«=3. 




15. (x + S)(y + S)=xy + S2. 




(x + l)y = xy+2x-8. 




16 « + y _1 jy2a; — 3y — 3 
• x-y-2 2' ' 3x-y 


1 
3 


x — y 1 X — 3y 1 




x + y + i ~ 2' a; — 5 ~3" 




->\^\'h 




1 1_ 3 

X y 10" 





Note. Eliminate one of the unknown quantities before 
clearing of fractions. 



19. § + 5 = 2. 
X y 

6 + 1 = 2. 
X y 



20. i + i + i = l|. 
X y z 12 

2 1_1^13 

X y z 12 



21. i-i = 4. 





X y 12 




1 1_1 

y « 8' 




i + i = ^. 




y^ z 24 


22. 


« + y + « = 0. 




3a;-y + 6« = 2. 




2a; — y + 4« = 0. 



23 1 ^t==:l± 

' x^ y 12' 

a , a a 

x'z~2' 



12 
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LESSON XXXI. 

Problems. 

Note. Use two letters to express the unknown quantities. 
Have pupils prove their answers where answers are not given. 

1. The sum of two numbers is 43, and their difference 
11 ; what are the numbers ? 

2. A boat's crew rowed up a river 11 miles in 2 hours, 
and down the same river, 10^ miles in 1 hour ; how fast 
can the crew row, and what is the velocity of the 
stream ? Ans, Crew rows 8 miles per hour. Stream 
flows 2J miles per hour. 

3. A steamboat on a river makes two landings 21 
miles apart. Going down, her time between the land- 
ings is 1 hour and 30 minutes, but going up it is 2 hours 
and 6 minutes ; what is her speed, and what is the velo- 
city of the current ? Arts, Steamboat 12 miles. Cur- 
rent 2 miles. 

4. A farmer sold 20 bushels of wheat and 25 bushels 
of barley for $32.25, and 50 bushels of wheat and 5 bush- 
els of barley for $43.25 ; what was the price of each ? 

5. A farmer sold 3 horses and 4 cows for $340, and 
at the same price 2 horses and 1 cow for $185 ; what was 
the price of each ? 

6. A number consists of two digits whose sum is 11 ; 
if 63 be added to the number the figures will be reversed ; 

what is the number ? Ans. 29. 

I 

7. The sum of the two digits of a number is 12, and if 
36 be subtracted from the number, the digits will be re- 
versed ; what is the number ? 
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8. The difference between the two digits of a number 
is 3, the lO's figure being the larger, and if 2 more than 
five times the sum of the digits be subtracted from the 
number, the digits will be reversed ; what is the number ? 

9. If 3 be added to the denominator of a certain frac- 
tion, it becomes J; if 2 be added to the numerator, it 
becomes § ; what is the fraction ? Ans. f . 

10. If 2 be added to the denominator of a certain frac- 
tion, it becomes J ; if 1 be subtracted from the denomi- 
nator, it becomes ^ ; what is the fraction ? 

11. A certain fraction becomes i by adding 1 to the 
numerator, and J by adding 1 to the denominator ; what 
is the fraction ? 

12. A and B together can do a piece of work in 6 
hours, but A worked 7 hours and B finished it in 4; 
how long would it take each alone ? Ans, A 9 hours, 
andB2. 

13. A and B can do a piece of work in 2 hours and 24 
minutes ; and they can also do it if A works 3 hours and 
B 2 ; how long would it take each alone ? 



LESSON XXXII* 

Involution Continued — Application of the Gen- 
eral Formulas for the Binomial Theorem. 

General Formulas : 

(a ^ by; (a ± ^Y 5 (« ± *)S etc. 
Expand : 

1. (2a+3y. 3. (2x+3yy. 

2. (3-35)2. 4^ (3x-2yy. 
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5. (l-2x)». ^g 1^ 

6. (3a;+2y)». 

7. {^x-2y)\ 19 

8. (a«-*y. 

9. (x»-y»)». ^- («+(*+«))'• 

10. («» + &•)». ^- ('» + » + '•)'• 

11. (.V-2y. *^- (2-+3y + -)'- 

^ ^ ^ ^ 23. (3a + i + 2)«. 

iM«'' + /)'. 24.U2. + 3V 

13. (xy-a)«. 25 (a + 6 - c)». 

14. (aa:» + te)». 26. (a - J + c)«. 

15. {a?x-\-hhjf. 27. (a-J-c)». 

16. (2aa!-2ay)«. 28. (43)« = (40 + 3)«. 

29. (56)«. 



"■ (1+')" 



2 



30. (37) 
Expand (mentally) ; 

31. (49)2 = (^50 - 1)2. 33. (68)2. 

32. (59)2. 34^ (37)2^ 
35. (51)2. 



LESSON XXXIII* 

Evolution, Square Boot — Pure Equations of the 
Second Degrree. 

Formula : 

(a + ^,)2 = a2 + 2 a5 + 52 = a2 + (2 a + h) h. 
Extract the square root of 
1. x^ + %x+^, 2. aj2_8a; + 16. 



EVOLUTION, SQUARE ROOT. 
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3. 4:x^ + 12xy + 9y\ 

5. 49a*-42a2 + 9. 

6. SI x^ + 126 a^b^ + ^9 'b\ 

7. 64 x^ — 160 xY + 100 y*. . 

8. S6a^x* +36abx^y+9bY' 
9, X* + 4 x^y + 6 aj^^ + 4= xy^ + y*« 

Find roots of the following : 



4. 25aj*-20xV + 4y'. 



10. VI225. 

11. V5625. 

12. V8649. 



13. V54756. 



14. V15625. 

Find the value of x and y : 

20. a;2 = 144. 

21. aj« = 81. 

23. aj2-3a2 = 22a^. 

24. x^ + y^ = 117. 
x^ — y^ = 45. 

25. 5 aj« — 2/2=109. 
a;2 + y2 ^ 41. 



15. V2 (to two decimal places). 

16. V3 (to two decimal places). 

17. V5 (to two decimal places). 

18. V7 (to two decimal places). 

19. V8 (to two decimal places). 



±12. 

a;2 + 7 = 56. 

Ans, ± 5 a. 



Ans. a; = ± 5. 
y = ±4. 



26. ^x^ + 2xy + 7 =x^ + 2xy + 307. 



27. x^ = 15. 

28. x2 = 18225. 

29. aj2- 37636 = 0. 

30. Vx = 5. 

31. Vx = 7, 

32. V2^ = 16. 



-4ws. X = 3.87 +. 

33. \^3a^ = 6a. 

34. "v/aj = 2 a. 

35. V8^=4. 

36. ^3^ = 6. 

37. V5^ = 15. 
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38. 



Vi- 



v/i= 



12. 



40. Give the six axioms chiefly used in solving 
equations. 



LESSON XXXIV.* 

Evolutions, Cube Boot — Equations of the Third 
Degrree. 

Formula : 

(a + by = a'' + 3a^b + Sab^ + b^ = a^ + (3a^ + 3ab 

+ b')b. 

Cube root of : 

1. a^ + 3x^ + 3xy^ + f. 

2. a»-18a2 + 108a-216. 

3. 8 a'^ + 36 a^ 4- 54 a + 27. 

4. Sx^-3ebx^ + 64:b^-27b^. 

5. 125a;» + 150cBV + 60ajy2 + 8y». 

6. 343-294a + 84a2-8a8. 
Extract : 

10. -^21024576. 

11. VB (to one decimal place). 

12. Vi2 (to one decimal place). 



7. -^74088. 

8. A/13265i. 

9. a/57912. 



Find the value of x and y : 

13. ar» = 343. 15. a^^l3S24: = 0. 

14. aj8 = - 729. 16. x^ = 512 a«. 



17. a;3 + y8 = 35. 

Q^^'l/^^ 19. 



^ris. a; = 3. 
y = 2. 
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18. «« + y»==368. 
a;" - y» = 318. 


19. 


a:» + xy = 270. 
3? — xy = 162. 


Expand : 

20. (2 a -by. 


23. 


(-+I)* 


21. (i+.y. 


24. 


(2a;«-3y«)». 


22. (| + 3yJ. 


25. 


(x« + y«)». 



LESSON XXXV* 

Boots of Equations of the First and Second 
De^ees. 

What value of x will satisfy the following equations ? 

1. x - 5 = 0. 5. « - 1 = 0. 

2. a; + 4 = 0. 6. 3 x - 4 = 0. 

3. a; -7 = 0. 7. 2aj-4a = 0. 

4. a: + l=0. 8. 5a; + 15 = 0. 
What values of x will satisfy the following ? 

9. (a; + l)(a;-2) = 0. 

10. (aj + 3)(a; + 5) =0. 

11. (aj-8)(3x-6)=0. 

12. (5aj + 15) (3aj- 9) =0. 

13. (a._4)(aj-3) = 0. 

14. Of what degree are equations 1 to 8 ? How many 
roots has each ? 

15. Of what degree are equations 9 to 13? (Deter- 
mine by multiplication.) How many roots has each ? 
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What values of x will- satisfy the following ? 

16. (x + l)(aj-2)(a;~3) = 0. 

17. (a;-2)(aj + 2)(a:-4) = 0. 

18. Problems 16 and 17 are equations of what degree ? 
How many roots has each ? 

Factor the first member of the following equations, 
and determine the roots, or values of x ; but first, when 
necessary, make the second member by eliminating 
from it every positive or negative quantity : — 

19. x^'-7x + 12 = 0. Am, 3, or 4. 

20. a;« - 2 a; - 48 = 0. Ans. 8, or — 6. 

21. a;2+a:-42 = 0. 

22. a;2__5a. = 6. 

23. x^ + 2x=-l. 

24. a;2_4aj + 4 = o. 

25. a;2-18cc + 80 = 0. 

26. x«-6aa; + 8a* = 0. 

Factoring ; Case XI. 
General Formulas : 

1. a^' -^r (b -]r c) ax -\' he ^ (ax + h) (ax + c). 

2. a^^ — (b -\- c) ax +bc = (ax — b) (ax — c). 

3. a^* + (6 — c) aa — 6c = (aa + b) (ax — c). 

Factor : 

27. 9x2-24aj + 15. 

28. 25a;2 + l5a; + 2. 

29. 16 a:^ - 12 a; - 10. 

30. 4aj2 + 6a:-18. ' 
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Pactor the first member of the following equations, and 
determine the roots, or values of x : — 

31. 9a;«-24a; + 15 = 0. Arts. 1, or If. 

32. 36x^ — 30x — 6 = 0. Am. 1, or — J. 

33. 4a;a + 40aj + 96=0. 

34. 25a;24-25aj--50 = 0. 

35. IGaj^- 16a; -32 = 0. 

36. 49 a;^-. 35 a; -14 = 0. 

37. h^^-3b^-^2b^ = 0. 
For Case XII., see Lesson XXXIX. 

Extract : 



38. V36a2- 60x2^ + 25^2. 

39. ^8 «« + 36 x^ + 54 x + 27. Am. 2 a; +3. 



40. Vaj* + 4 a;» - 2 aj2 - 12 aj + 9. 

Arts, x^ + 2 a; — 3. 



LESSON XXXVI. 

Affected Quadratic Equations Solved by Com- 
pleting the Square. 

Find the 

1. Vx2 + 8a; + 16. 3. Vaj^ + 3 aj + 2:25. 



2. Vaj2 - 7 aj + 12J. 

Add a third term to the following binomials that will 
make them perfect squares, and extract the root : — 

4. x^ + lOx. 7. x^ + 6x. 

5. aj2 + 12a;. 8. aj2-9a;. 

6. x^ — ^x. 9. a;2 + 4aa;. 
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In the same way, add to both members of each of the 
following equations a quantity that will make the first 
member a perfect square, and then find the roots of the 
equation : — 



10. 


a'' + 4 a; = 45. 


11. 


a;2-14a;=-48. 


12. 


a;2 + 5a; = 24. 


13. 


4 a;^- 12 a; = 40. 


14. 


9a;»+18x = 72. 



Find the roots of the following equations to two 
decimal places : — 

15. x^ + 6x = 42. 

16. aj2-7aj = 20. 

Find the roots of the following equations, either by 
completing the square, or by factoring as in the pre- 
ceding lesson : — 

17. x^ + 14:X = — 49. Ans. — 7 and — 7. 

18. aj2 — 11 a; = 30. Ans, 5, and 6. 

19. 9x^-15x-U = 0. 

20. aj2-8x + 15 = 0. 

21. Sx^ + 6x-24: = 0. 

22. 2x^-4:X = S0, 

23. 25a;2- 20a; -60 = 0. 

24. x + 3=^. 27. - ^^ 



X x+2 

25. x-5=^. 28. 2x + 5 = --?^. 

X 2x — 3 

26. x+2 = -^. 29. 3x-10=--^^, 

^ x + 1 305 + 2 
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30A + x = e. 31. ^ = 2M^. 

X a; — 2 ic + l 

32 ^ + ^ ^ x + 5 
' 3a;-8 2x — V 
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Problems Produoingr Affected Quadratic Equations. 

Note. In a few cases it may be interesting to try to interpret 
the negative value of x, but as a rule it should be disregarded. 

1. A rectangular board is 5 inches longer than it is 
wide, and contains 234 square inches ; what are its 
dimensions ? Ans. 13 by 18. 

2. Divide the number 17 into two such parts that their 
product will be 52. 

3. There are two numbers whose difference is 9, and 
their sum multiplied by the greater is 266 ; what are the 
numbers ? Ans, 14 and 5. 

4. A. field 4 rods longer than wide contains 140 sq. 
rods ; what are the dimensions of the field ? 

5. Divide the number 19 into two such parts that 
their product will be 84. 

6. A boy bought some oranges for 24 cents ; if he had 
got 2 more for the 24 cents, the oranges would have cost 
one cent apiece less ; how many did he buy ? 

7. A boy bought some apples for 12 cents ; losing 2 of 
them, it made the others cost him a cent apiece more ; 
how many did he buy ? Ans. 6. 

8. A woman bought some eggs for 40 cents, but losing 
4 of them, the rest cost her one-half a cent apiece more ; 
how many did she buy ? 
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9. The sum of the squares of two consecutive numbers 
is 313 ; what are the numbers ? 

Note. Compare with Problem 19, Lesson XXIX 

10. The sum of two consecutive even numbers is 580 ; 
what are the numbers ? 

11. Find a number such that if 15 be added to it its 
square the sum will equal 8 times the number. 

12. By going 2 miles an hour more, A went 80 miles 
in 2 hours less than B ; at what rate did each travel ? 



LESSON XXXVIIL 

Arithmetioal Problems solved by Algebraic 
Formulas. 

Note. Already there has been some work of this kind, as in 
extracting square root, Lesson XXXIII., and cube root, Lesson 
XXXIV. The following problems will give a little more ex- 
tended practice of this kind. First work out the general formula, 
and then do the arithmetical problems by it. 

I. A can do a piece of work in a days (or hours), and 
B can do it in h days (or hours) ; how long will it take 
them to do it together ? 

Solution : 

Let X be the time it will take them both ; then, 

a X 
Keducing this gives, « = ■ ^ 



a + h 

1. A can do a piece of work in 10 hours, and B in 8 ; 
how long will it take both ? 



ARITHMETICAL PROBLEMS. 71 

2. A in 7 days and B in 5 days (?) 

3. A in 4 days and B in 3 days (?) 

II. Percentage. General Formulas, 

Let c be the percentage, h the base, and r the rate; 
then, when b and r are known. 

1. c = hr. 

To find the equation for r when h and c are known ; 
first transpose^ the members of the above equation, 
which gives Jr = c ; hence, 

2. r=£. 

h 

In the same way, find the formula : — 

3. & = -. 

r 

Remember the rate numerically must be expressed in 
hundredths, as 5 per cent is .05, 18 per cent, .18, etc. 
Problems. 

1. 9 per cent of 850. 

2. 15 per cent of 620. 

3. 13 per cent of 2600. 

4. What per cent of 950 is 190 ? 

5. What per cent of 640 is 00 ? 

6. What per cent of 8 is 5 ? 

7. What per cent of 9 is 3 ? 

8. 2^ per cent of what number will give 78 ? 

9. 2^ per cent of what number will give 150 ? 

10. 2^ per cent of what number will give 60 ? 

11. 2^ per cent of what number will give 240 ? 

1 Transpose is here used in its oorrect sense; for example, if 
6:=x then by transposing both members, x = 6; but there is no 
change of signs. 
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III. Mensuration. 
L Area of Farallelograms, 





Let 8 be the surface or area, b the base, and a the 
altitude. 

General Formulas. 

1. S=qb. 

2. Find it for a, when b and 8 are given. 

3. Find it for b, when a and 8 are given. 

Problems. (Measurements may be called feet, inches, 
or any unit.) 

1. Base 18, altitude 9 ; area ? 

2. Base 25, altitude 6 ; area ? 

3. Base ? altitude 9, area 810. 

4. Base 230 ; altitude ? area 690. 
5. . Base ? altitude 27, area 100. 

II. Area of Triangles, 





LBTTBBS AS ABOVE. 



General Formulas. 

ah 2. Find it for a, when b and 8 are given. 



1. S = - 



3. Find it for b, when a and 8 are given. 
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Problems. 

1. Base 30, altitude 15 ; area ? 

2. Base 32, altitude 20 ; area ? 

3. Base ? altitude 75, area 900. 

4. Base 60 ; altitude ? area 540. 

5. Base 84; altitude? area 1000. 
III. Area of Trapezoids. 

b 



LBTTERS AS BEFOBB. 

General Formulas. 

1. ^=^iMi^. 

2 

2. Find it for a when b, b\ and S are given. 

Problems. 

1. Bases 20 and 30, altitude 12 ; area ? 

2. Bases 15 and 35 ; altitude ? area 500. 

3. Bases 9 and 21, altitude 30 ; area ? 

rv. The Circumference of a Circle, 

Let c be the circumference, E the radius, 2 E the di- 
ameter, and V = 3.1416, the ratio of the circumference. 

General Formulas. 

1. c = 2 ttB, 2. Find it for 2 E when c is given. 
Problems. 

1. Diameter 5 ; circumference ? 

2. Diameter 10 ; circumference ? 
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3. Diameter ? circumference 21.9912. 

4. Diameter 200 ; circumference ? 

5. Diameter ? circumference 200. 

6. Diameter ? circumference 600. 

V. Area of Circle. 

The area of a circle is equal to that of a triangle whose 
base equals the circumference, and altitude the radius ; 
hence the general formula: — 

1. S = 2 irR X ~, = irS^, 

2. Find it for iJwhen s is given. 
Problems. 

1. Eadius 8; area ? 3. Radius ? area 28.2744. 

2. Radius 10; area ? 4. Radius ? area 78.54. 

VI. Volume of a Cylinder, 

Let V be the volume, ttE^ the area of one end, and 
I the length. 




I 

General Formulas. 

1. t; = ^^. 

2. Find it for I when v and R are given. 
Problems. (Dimensions in inches or feet.) 

1. Radius 8, length 15 ; volume ? 

2. Radius 10, length 24 ; volume ? 



ARITHMETICAL PROBLEMS. 



75 



3. EadiusG; length? volume 1500. 

4. Eadius 3, length 12 ; volume ? 

VU. Surface of Cylinder, 
General Formula. 

1. S==2irB'' + 2irRl = 2irB(B + t). 
Problems. 

1. Kadius 5, length 20 ; surface ? 

2. Eadius 3, length 9 ; surface ? 

3. Eadius 1, length 10 ; surface ? 

Vin. Volume of a Cone, 




Let ttR be the area of base and a thie altitude, v the 
volume. 



General Formula. 



\, v = ' 



Problems. 

1. Eadius of base 4, altitude 9 ; volume ? 

2. Eadius of base 5, altitude 24 ; volume ? 
IX. Surface of a Cone, 

Let ^ be the slant height. 
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General Formula. (Curved surface.) 

1. S = h/n-M. 
Total Surface S\ 

Problems. 

1. Eadius 3, slant height 8 ; curved surface ? 

2. Eadius 5, slant height 10 ; total surface ? 

X. Surface of a inhere. 
General Formula. 

Problems. 

1. Eadius 6 ; surface ? 

2. Eadius 8 ; surface ? 

3. Eadius 5 ; surface ? 

4. Eadius 10 ; surface ? 

XL Volume of a Sphere, 
General Formula. 

3 3 

Problems. 

1. Eadius 2 ; volume ? 

2. Eadius 5 ; volume ? 

3. Eadius 10 ; volume ? 

4. Find the formula for E when the volume is given. 

Problems. 

1. Volume 37.6992 ; radius ? 

2. Volume 60.2656 ; radius ? 
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LESSON xxxix: 

Factoring. — Case XII. -^ Permanences and Changes in Signs. 

General Formulas : 

(ax -{- h) (x -{- c) =i ax^ -\- (ac -{- b)x -{- be. 
(ax + b) (ex -\- d) = acx^ + (ad -\- be) x -\- bd. 

Combine by inspection : 

1. (2a; + 3)(x + 2). 5. (4a; + 7) (x - 2). 

2. (3a; + 5)(« + l). 6. (3 a; - 5) (a; + 2). 

3. (2aj~5)(a;~l), 7. (5 a; + 8) (a; + 1). 

4. (5a;-6)(aj-7). 8. (7 a; - 2) (a; + 3). 

Factor: 

9. 3a;2 + 5a;+2. 14. 4a;2-9aj-9. 

10. 2a;2 + 3a; + l. 15. 5 a;^ _ 33 a; - 14. 

11. 2aj2 + lla; + 12. 16. 4 a;^ - 3 aj — 27. 

12. 3a;2 + 16aj + 5. 17. 6aj2 + 13a; + 7. 

13. 3a;2-9a;+6. 18. 7a;2 + 5aj-18. 

Find the roots of x in the following equations : 

19. 5aj2_2a;-16=0. 23. 2x2 + a; = 10. 

20. 3a;2-a5-14 = 0. 24. 3a;2 - aj - 14 = 0. 

21. 4a;« + lla; = 3. 25. Sx^ + 2aj - 16 = 0. 

22. 7a;« + 3a; = 22. 26. 7aj2 ~3a; - 4 = 0. 

Multiply by inspection : 

27. (2 a; + 3) (3a; + 2). 30. (5 aj - 9) (2 a; - 1). 

28. (2 a; + 5) (4 a; + 3). 31. (3 a; - 1) (2 a; - 1). 

29. (3a; -7) (5a; -8). 32. (2 a; ~ 1) (5 a; + 2). 
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33. (3 a; -2) (6 a; +2). 


35. (3 a; -3) (5 a; +4). 


34. (5a;+2)(3x-3). 


36. (5a;-l)(3a;-l). 


37. (3 a;- 
Factor: 


-2)(7a;-2). 


38. 6x'' + x- 2. 


43. 14 a;' + 3 a; - 27. 


39. 10 a;" -7 a; -12. 


44. 15a;»-8a;-12. 


40. 8a;'' + 10a;-3. 


45. 10a;»-19a; + 7. 


41. 6 a;' + a; -35.. 


46. 6x«-a;-12. 


42. 8a;« + 2a!-16. 


47. 16 a;'' - 16 a; + 4. 



48. 6x^-19x + 15. 

49. The length and breadth of a rectangular field are 
to each other in the ratio of 5 to 3. If the field was 
7 rods longer and 2 rods wider, it would contain 242 
square rods ; find the length and breadth of the field. 

Note. Let 5 x and 3 x equal the length and breadth respec- 
tively. 

50. The sides of a rectangular field are in the ratio of 

3 to 2. If the length was 5 rods less, and the width 3 
rods more, the area would be 361 square rods ; find the 
dimensions of the field. 

51. The length of a mat is to its width in the ratio of 

4 to 3. If it were 3 feet shorter and 2 feet narrower, it 
would contain seven square yards ; find the dimensions 
of the mat. ^ 

7x-5 ^2aj~3 
53. A man bought a number of pounds of coffee. The 
number of pounds was to the number of cents he paid 
per pound as 5 to 7. If he had bought 5 pounds more at 
a price 5 cents per pound less, his coffee would have cost 
him $9.00 ; how much did he buy, and what price did he 
pay? 



FACTORING — CASE XH. 79 

54 ?_±J — 5-=-? = 5 55 ^ + 4 x — 4: ^10 
' x-2 x+2 6* * a;-4 a; + 4 3 * 

56. 5i^_^4-:^_7 
aj — 1 2a; 3 
K- 3a; — 2 2a; — 5 ^8 
' 2a;-5 3a;-2 3* 

58. -^+^±i = ^. 59. 5a;^- 55= -14a;. 

35 + 1 X 6 

60. 8a;2 + a; = 30. 61. 4 a;» + 17 a; = 15. 

62. A train goes 300 miles at a uniform rate; if the 
rate had been 5 miles an hour more, the time would have 
been 2 hours less ; what is the rate of the train ? 

63. A man travels 108 miles, and finds that he could 
have made the journey in 4^ hours less if he had trav- 
elled 2 miles an hour faster; at what rate did he 
travel ? 

64. Two rectangles contain the same area, 480 square 
yards. One is 10 yards the longer, and the other is 4 
yards the wider ; find their sides. 

65. A cistern can be filled by two pipes running 
together in 22^ minutes ; the larger pipe can fill the cis- 
tern in 24 minutes less than the smaller one; find the 
time in which each would fill the cistern. 
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Multiply : 

1. a« — 3 a + 2 by a — 3. 

2. 9a^ + 6a^ + 4:b hj 3a-2b. 

3. x^ — Sx+2hyx^ + 3x — 2. 

4. a-{-b+ehja — b'—c, 

5. x^ — 2/^ — 2 yz — z^ by a;^ — y^ + 2 y« — «*. 

' a b ^ a ^ b ' 

• a._2 x+2 ^ x + 2 a — 2' 

Divide : 

8. 3a* — a^+2a^ + a+l'bja^ — a+l. 

9. a8 + 6« + c8 ~ 3 a5c by a + 5 + c. 

10. 27a«-86« by 9a^ + 6ab+4:b\ 

11. 32a;^+/ by 16 x* -^ S x^y + 4 xY — ^ ^V^ + y^' 

12. a*^ + a*6 + a«62_|. ^2^8 ^ ^^4 + ^6 by a + 6. 

Multiply together : 

a5 2» and — 14 ?^ 2£l and ^^ 

xy' bo ' zv' xY ^^ a*bc^ 

15. Two gentlemen saw a sum of money lying on a 
table. One said, " I have five times as much money as 
there is on that table." TJie other replied, " I have ten 

80 
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times as much." Together they had $105; how much 
money was there on the table ? 

16. A company of 90 persons consists of men, women, 
and children. There are 4 more men than women, and 
ten more children than adults ; how many are there of 
each? 

17. A clerk was five years in the same house. In the 
first three years he spent $400 a year, but in each of the 
following years he spent $100 more than in the preced- 
ing year. At the end of the five years he had saved 
$1,700 ; what was his salary ? 

18. | + ^-:^+7£ = 51,tofind.. 

19. -^- — +j^ + — = 64,tofinda:. 

20. 5 + 5-1-5 + ? = ^, to findx. 
abed 

21. aj + I + I - I = 2« - 43, to find x. 

22. ?^?J:i^ + 2 = ^-^5-Z:-^,tofinda:. 

4 3 2 3 ' 

23. A fish was caught whose tail weighed 9 lbs. ; its 
head weighed as much as its tail and half its body, and 
its body weighed as much as its head and tail together ; 
what was the weight of the fish ? 

24. A man engaged a workman for 50 days ; for each 
day he worked he received $1.50, and for each day he 
was idle he paid 50 cents for board. At the end of the 
50 days he received $45 ; how many days did he work ? 

25. An estate of $7,500 is to be divided between a 
widow, two sons, and three daughters, so that each son 
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Multiply : 

1. a« — 3 a + 2 by a — a 

2. 9a« + 6a* + 46 by 3a~2ft. 

3. SB^ — 3aj + 2 by a;^ + 3aj-2. 

4. a-f-^+cbya — ft— c. 

5. x^ — '1^ — 2yz — z^ hy x^ -—y^ 

6. ^+^ _ ^ + ^ by ^ + ^ -t ^ 



7. 



a 
x-3 



b ' a 

x+2 -^ a; + 2 



x-2 
Divide : 

a 3a*-a« + 2a« + a+l 1 
9. a» + 6» + c« — 3 aJc by a 

10. 27a«-8d» by 9a» + 6r/ 

11. 32x*+y* by 16aj*-8 

le, «* + fTV* + a*ft^ + **%* + 
Multiply togt?tlier; 

'I^. IE, ;uul ':^.,^ 



:lh is 







"nJ:oCS EXAMPLES. 



83 



- S ' x + 1 



I- 12a: -64 



i>y 



x'^ — ()4 
103? + 64 
+ 4 a; + 16 * 
aj2 _ 6 a; — 7 



, and divide the 



, and divide 



^.^, 4 a;^- 2 a: + 25 
•^ 4x^-1 

/•^ - a:^ - 41 aj +105, and x* - 2 a:' 



t lie greater by the less, and factor the remainder 



.). of x'^ — 5 x*j/ + 10 xY — 10 xY + 5 a;/ 
. D. of x^ — «« +8« — 24, and a:8 + 4 a- — 8aj 
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57. G. C. D. of x^ + Sx^-Sx-24:, and a^ + 3 x^ 
-3a; -9. 

68. G. C. D. of X* -3x' + 2x^ + x^l,ajidx^ — x^ 
-2x + 2, 

59. Simplify ^ ^^ ^ ^.\ .. X ^'^ " ^ ^' 



X 



a^ — Sab + 2b^ a' + ab 
a^ — ab 



a^-2ab + b^ 

60. ic^ — 15 a; + ^ ; fii^d roots of the equation. 

61. 4 aj2 + 12 a; = 40 ; to find the roots. 

62. (a; + 5y + S(x + 5)= 180 ; find the roots. 

63. x^ — 4 ax = 5 a* ; find the roots. 

64. A number consists of two digits whose sum is 13 ; 
if 45 be added to the number, the figures will be reversed ; 
what is the number ? 

66. A man paid out one-fourth of the money he had, 
and afterwards received $3. Again he paid out a third 
of what he then had, and afterwards received $2. 
Lastly he paid out one-eighth of what he then had, and 
found he had $14 left ; how much had he at first ? 

66. A farmer, wishing to sell his flock of sheep, sells 
half of the whole number and half a sheep over. Next 
he sells half of what he had left and half a sheep over. 
This he does a third and fourth time, disposing at each 
sale of half the sheep left on his hands and half a sheep 
over. A fifth sale of eight sheep disposed of the entire 
flock ; how many sheep had he at first ? 

67. If two apples cost one cent and three pears two 
cents, and I buy 100 apples and pears for 56 cents, how 
many of each do I buy ? 
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5a; +^ = 24. ?_±J _ ^ = --2. 

2 4 

68. o 69. * ^ 

§^-&! = 4. E.Z13 + 4 2H. 

2 4 4 ^ ^ ^ 

70. A owes $1200, jand B owes $2600, but neither has 
enough to pay his debts. Said A to B, " Lend me the 
eighth of what you have and I can pay my debt." — 
" Lend me,'' replied B, " the ninth part of what you have, 
and I can pay mine.'' How much money had each ? 

h 71. A man being asked the ages of himself and his 
son, replied : " Six years ago I was three times as old as 
he, but three years hence I shall be only 2J times as old 
as he." What is the age of each ? 

72. At what time between 10 o'clock and 11 o'clock 
will the minute and hour hand of a clock be together. 

73. 34 lbs. of zinc loses 5 lbs. when immersed in 
water, and 17 lbs. of tin loses 2 lbs. in water. A com- 
position of zinc and tin weighing 136 lbs. loses 19 lbs. 
in water. How much of each does the composition 
contain ? 

74. A certain fraction becomes J when 4 is added to 
the numerator, and J when 2 is subtracted from the de- 
nominator ; what is the fraction ? 

75. A and B together buy 150 acres of land ; if A had 
bought twice as much and B only three-fourths as much, 
they would have together bought 50 acres ; how many 
acres did each buy ? 

Interpret negative result. 

76. Find the square root of 4 cc^ + 20 a;y + 12 oj + 
25 2/2 + 30 y + 9. 
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77. The cube root of 8 a^ft' — 36 a^b^'+ 54 a*b^ - 27 
a^b\ 

78. The square root of 9 x^ — 24 x* + 46 a* — 40 a; 

+ 25. 

79. The square root of a^« + 2 a^x^ + a'^* — 4 a^x^ — 
4 a V + 4 a«aj2. 

80. The cube root of a^x^ — 3 a»a;* + 3 a^a;* — a^x^ 

81. The square root of 4 «« — 12 a;* + 13 ar* — 6 «» 

82. The square root of 25 x* — SO x^y — 11 x^i/^ + 
12xy^ + 4.y\ 

83. The cube root of 8 a»aj« — 36 a%xh^ + 54 a^'^ary^ - 
27 *V- 

Simplify the following : 

34 ^ I 5 

x^ — 5x + Q x^ + x — Q^ 

85 a; + 2 a; - 3 . a; + 8 
' x — 5 X + 5 x + 2' 

86. -1^! l^^Ay a 



87. 



x^ — y'^ X -\-y ' X —y x + y' 
1 a . 1 



2a-- 8a; Sa^ — ^x^ ' 2a + 8a; 



88. —5—+ ^ 



8(a — aj) 4(a + a;) 4 (a^ — a;^) 

24 a; 3 -^ 2 a; . 3 - 2 a; 

9-12a; + 4a;''' 3-2a;"^3 + 2a;' 

Find the roots of the following equations : 

90. 5 a;2- 75 a; +250 = 0. 

91. 3 a;^ + 2 a; — 8 = 0. 
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92. 2x^ — 7ax + 3a^=:0. 

93. 4a:^ — 4aj-48 = 0. 

94. 9 aj« + 6a; — 63 = 0. 

95. a V — 2 oo; — 120 = 0. 

96. 4a* — 4aa; — 15a^ = 0. 
2a;-- 4 ^ x + 5 

x + 1 a; + 13 * 

98. 5a;-7^2a; + 6 ^^ 
aj-f-l a; + 3^^ 

33 5a; + 9 3a; + 3 __.^ 

a; + 6 a; + 3 

100. Ta; + 4^^^2. 
a; + l a; — 1 



101. 



3a; — 4 6a; 



2aj — 4 x + S 



102. ^^-Ul- ^ 



4a; + 7 a; + 7 

103. -#+1,-2^-1^^^ 



104. 



105. 



2a: -7 x- 


-3 




a; + y = 28. 
xy = 187. 




106. «'"-2^=-40. 
a; - y = - 2. 


a!« + y'' = 68. 
a;y = 21. 




j^ 9x«-4j/» = 864. 
3a; + 2y = 36. 



j^3 8a;* + 18y* = 272. 
a;y = 10. 

109. A man sold a number of sheep for $168. If lie 
had sold 14 more for the same sum he would have 
received one dollar less for each sheep ; how many sheep 
did he sell ? 
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Interpret the negative answer. 

110. Find a number such that four times its square 
plus nine times the number itself will equal 7J. 

Interpret the negative result. 

111. A rectangular field is 5 rods longer than it is 
wide, and its area is 204 sq. rods; what is the length 
and width of the field ? 

112. A man divided $2.40 among a number of boys. 
If there had been three boys more each would have re- 
ceived 18 cents less ; how many boys were there ? 



TtdB book should be returned to 
tbe Iiibrary on or before the last date 
stamped below. 

A flue of five cents a day is incurred 
by retaining it beyond the speoifi^ed 
time, 

Fleaee return promptly. 




U 



